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Abstract. The quantum period of a variety X is a generating function for certain Gromov-Witten invariants 
of X which plays an important role in mirror symmetry. In this paper we compute the quantum periods of 
all 3-dimensional Fano manifolds. In particular we show that 3-dimensional Fano manifolds with very ample 
anticanonical bundle have mirrors given by a collection of Laurent polynomials called Minkowski polynomials. 
This was conjectured in joint work with Golyshev. It suggests a new approach to the classification of Fano 
manifolds: by proving an appropriate mirror theorem and then classifying Fano mirrors. 

Our methods are likely to be of independent interest. We rework the Mori-Mukai classification of 
3-dimensional Fano manifolds, showing that each of them can be expressed as the zero locus of a section of 
5-H a homogeneous vector bundle over a GIT quotient V/G, where G is a product of groups of the form GL„(C) 

, ^ and y is a representation of G. When G = GLi(C)'^, this expresses the Fano 3-fold as a toric complete 

intersection; in the remaining cases, it expresses the Fano 3-fold as a tautological subvariety of a Grassman- 
nian, partial flag manifold, or projective bundle thereon. We then compute the quantum periods using the 
CO Quantum Lefschetz Hyperplane Theorem of Coates-Givental and the Abelian/non-Abelian correspondence 

T~H of Bertram-Ciocan-Fontanine— Kim-Sabbah. 
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A. Introduction 



The quantum period of a Fano manifold X is a generating function for Gromov-Witten invariants. It is 
a deformation invariant of X that carries detailed information about quantum cohomology. In this paper 
we give closed formulas for the quantum periods for all 3-dimensional Fano manifolds. As a consequence we 
prove a conjecture, made jointly with Golyshev, that identifies Laurent polynomials which correspond under 
mirror symmetry to each of the 98 deformation families of 3-dimensional Fano manifolds with very ample 

" ^ anticanonical bundle. We also exhibit Laurent polynomial mirrors for the remaining 7 deformation families. 

Our arguments rely on the classification of 3-dimensional Fano manifolds, due to Iskovskikh and Mori-Mukai: 

QQ this is a difficult theorem whose proof, even today, requires delicate arguments in explicit birational geometry. 

CN| On the other hand our mirror Laurent polynomials have a simple combinatorial definition and classification. 

Given a suitable mirror theorem this classification would give a straightforward, combinatorial, and uniform 

CO alternative proof of the classification of 3-dimensional Fano manifolds. Thus our results here pose a testing 

O challenge to the developing theory of mirror symmetry [2{[3{ |23}]26l[37l[39l|4T|[42l[68] . 

Let X be a Fano manifold, that is, a smooth projective variety such that the anticanonical bundle —Kx is 

" . I ample. The quantum period Gx{t) of X, defined in j|B] below, is a generating function for certain genus-zero 

I> Gromov-Witten invariants oi X. It satisfies a differential equation: 

• 

(1) (jZ^'pk{D)\Gx^Q 

\fc=o / 

where D = and the pk are polynomials, called the quantum differential equation for X. The quantum 
differential equation carries information about the quantum cohomology of X: the local system of solutions to 
the quantum differential equation is an irreducible piece of the restriction of the Dubrovin connection (in the 
Frobenius manifold given by the quantum cohomology of X) to the line in H'{X) spanned by ci(X). In §§1- 
105 below we give closed formulas for the quantum periods of the 105 deformation families of 3-dimensional 
Fano manifolds. 

In joint work with Golyshev jTcT we introduced Minkowski polynomials: these are a collection of Laurent 
polynomials / in three variables such that the Newton polytope A of / is a reflexive polytope, definccj^ in 
terms of Minkowski decompositions of the facets of A. Given a Laurent polynomial /, one can define the 



^Some of these Laurent polynomials correspond under mirror symmetry to 3-dimensi onal Fa no manifolds which admit a 
small toric degeneration |i4 . These Laurent polynomials were considered earlier by Galkin 17|[l8 . 
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period of /: 

'^^ V27ri/ J\^^\=...^\x^\^il~tf{xi,...,Xr,)xi Xn 

and this satisfies a differential equation called the Picard-Fuchs equation: 



(2) Vt'=P,P)U; = 




where the are polynomials. There are 3747 Minkowski polynomials (up to monomial change of variables) 
but Akhtar-Coates-Galkin-Kasprzyk showed that these Laurent polynomials together generate only 165 
periods 1|. That is, Minkowski polynomials fall into 165 equivalence classes where / and g are equivalent if 
and only if they have the same period. The quantum differential equation ([T]) of a Kahler manifold has the 
property that every complex root of the polynomial po is an integer — this reflects the fact that the quantum 
cohomology algebra of X carries an integer grading — and we say that a Laurent polynomial / is of manifold 
type if the Picard-Fuchs operator ^ has the property that every complex root of Pq is an integer. Coates- 
Galkin-Kasprzyk have computed the Picard-Fuchs operators for the Minkowski polynomials numerically 



14 . Their results, which are computer-assisted rigorous and which pass a number of stringent checks, show 
that exactly 98 of the 165 Minkowski periods are of manifold type. 

We conjectured, jointly with Golyshev, that the 98 Minkowski periods of manifold typ(^ correspond 
under mirror symmetry to the 98 deformation families of 3-dimcnsional Fano manifolds with very ample 
anticanonical bundle flO'. That is, there is a one-to-one correspondence between deformation families of 
3-dimensional Fano manifolds X with very ample anticanonical bundle and equivalence classes of Minkowski 
polynomials /, such thalj^the Fourier-Laplace transform Gx of the quantum period of X coincides with the 
period ttj of /. Assuming the numerical calculations of Minkowski periods in |14 , our results here prove this 
conjecture. 

The Classification of Fano 3- Folds. There are exactly 105 deformation families of Fano 3-folds. Of these, 
17 parameterise 3-folds X with Picard rank p{X) = b2{X) — 1. All but one of these 17 families were known 
to Fano himself. The first modern rank-1 classification, in the style of Fano's double projection from a line, is 



due to Iskovskikh j34-36 . More recently Mukai, in a program announced in |53j and still ongoing, re- proved 



the rank-1 classification from the study of exceptional vector bundles 54 -60 ; see also the earlier work 27 36 



In particular, Mukai gave new model constructions for some of the rank-1 Fano 3-folds as linear sections of 



homogeneous spaces; we make use of these models below. Mori and Mukai 48-52 proved that there are 
precisely 88 families of nonsingular Fano 3-folds of rank > 2; their proof was a spectacular display of the 
power of Mori's then-new theory of extremal rays. 

The model constructions given by Mori and Mukai are, however, not well-suited for the calculation of 
quantum periods. Indeed, these model constructions are in terms of extremal rays: typically X is constructed 
by giving an extremal contraction f : X ^ Y , for instance the blow up of some curve in Y . For example, 
consider family number 13 in the table of 3-dimensional Fano manifolds of Picard rank 3 in |52|: 

Rank 3, number 13: Mori-Mukai construction. X is the blow-up of a hypersurface c P'^ x with centre 
a curve C of bi-degree (2, 2) on it such that C ^ — > P^ x P^ P^ is an embedding for both i — 1,2, 
where pi is the projection to the ith factor of the product P^ x P^. 

This construction, elegant though it is, and natural from the point of view of extremal rays, is not 
well-adapted for doing calculations in Gromov-Witten theory. There are procedures for computing Gromov- 



Witten invariants of blow-ups 19 31 32 43 46 but, because they are not based on a satisfactory structural 
understanding of blow-ups on the Gromov-Witten side, they are very difficult to use. Instead, our preferred 
tools are those for which we have a good structural understanding on the Gromov-Witten side: Givental's 



mirror theorem 21 , the Quantum Lefschetz theorem of Goates-Givental 15 , and the Abelian/non-Abelian 
correspondence of Bertram-Ciocan-Fontanine-Kim-Sabbah jsj. These tools require that X be constructed 
inside the GIT quotient F — V//G of a vector space V by the action of a complex Lie group G as the 



"^We expect that the remaining Minkowski periods correspond to smooth 3-dimonsional Fano orbifolds. 

■^This is a very weak notion of mirror symmetry. It is natural to conjecture much more: that the Minkowski polynomials / 
give mirrors to the Fano manifolds X in the sense of Kontsevich's Homological Mirror Symmetry program. 
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zero-locus of a general section of a homogeneous vector bundle E V// G. Thus we rework the Mori-Mukai 
classification of 3-dimensional Fano manifolds, proving: 

Theorem A.l. Let X be a 3-dimensional Fano manifold. Then there exist: 

• a vector space V — C"; 

• a representation of G = Jll=i GL^. (C) on V; and 

• a representation p of G; 

such that X is the vanishing locus, inside a GIT quotient F — V// G with respect to a suitably chosen stability 
condition, of a section of the vector bundle E ^ F determined by p. 

We think of F as what Miles Reid would call a key variety: by construction, F is endowed with a universal 
property characterising the embedding X ^ F. Both the algebraic geometry and the Gromov-Witten theory 
of X are inherited from F through the universal property. 

The proof of Theorem |A.1| occupies a substantial portion of this paper. For many of the 105 families the 
proof is straightforward; for a few families it is rather tricky. In the majority of cases, G = GLi(C)'' and 
so X is a complete intersection in a toric variety (and in practice a complete intersection of codimension at 
most 3). Here is a typical example: 

Rank 3, number 13: our construction. X is the codimension-3 complete intersection in x x P^ of general 
sections of the line bundles 0(1,1,0), 0(1,0,1), and 0(0,1,1). 

An immediate consequence of Theorem |A.1| is that the moduli space of 3-dimensional Fano manifolds is 



unirational: the obvious map from V{H°{F\E)) to the moduli space of X is dominant. 

Highlights. With our model constructions in hand, we then compute the quantum periods. Most of these 



calculations are routine, but a number are more interesting. The varieties 2-2 (^ 19), 3-2 (Example D.8), 3-5 



(§58|, and 4-2 (^861 require sophisticated applications of the Quantum Lefschetz theorem. Challenging (and 



new) applications of the Abelian/non-Abelian correspondence include Theorem F.l which gives a uniform 



treatment of seven of the seventeen 3-dimensional Fano manifolds of rank-1, and the varieties 2-17 (^34) 



2-20 (S37), 2-21 (E38I, 2-22 (9391, and 2-26 (|0 



Perspectives and Future Directions. As discussed above, Minkowski polynomials have a combinatorial 
definition and are classified directly from this definition. Given an appropriate mirror theorem, therefore, we 
could reverse the perspective of this paper and recover the classification of 3-dimensional Fano manifolds from 
the classification of their mirror Laurent polynomials. Even once such a mirror theorem has been proved, the 
calculations in this paper are likely to remain a very efficient way in practice to determine the mirror partner 
to a 3-dimensional Fano manifold. Our results suggest, too, that one should search for higher-dimensional 
Fano manifolds systematically by searching for their Laurent polynomial mirrors. This is discussed in our 
joint work with Golyshev, where we outline a program to classify 4-dimensional Fano manifolds using these 
ideas |,10 . 

We know of no a priori reason why every 3-dimensional Fano manifold admits a construction as in 
Theorem |A.l I At present this can be proven only post-classification, by a case-by-case analysis. The obvious 



generalization of Theorem A.l fails in high dimensions (see [106 for an example in dimension 66) but it 
is natural to wonder how far this generalization is from the truth in low dimensions. In particular, does 
the generalization of Theorem A.l hold in dimension 4? For now perhaps the following remarks are not 
out of place. Since the beginning of the subject people have asked what can birational geometry do for 
Gromov-Witten theory. For instance a natural question that was asked early on was how do Gromov- 
Witten invariants transform under birational maps, for instance crepant birational morphisms or blow-ups 
of nonsingular centres. By now we have learned that these questions are often very subtle; in the case of 
blow-ups of a smooth centre we have a procedure but not a good structural understanding of the problem. On 
the other hand, in some areas, we have made good progress in Gromov-Witten calculus: the Abelian/non- 
Abelian correspondence being the most general and best example. Perhaps now is the right time to ask 
what can Gromov-Witten theory do for birational geometry: what view of birational classification do we 



4 



COATES, CORTI, GALKIN, AND KASPRZYK 



get if we take seriousljj^ the perspective of the Abehan/non-Abehan correspondence? Does something hke 
Theorem | A . 1 1 hold , and if so why? 

Remarks on the Rank-1 Case. As far as we know, most of our constructions of 3-dimensional Fano 
manifolds of Picard rank > 2 are new. In Picard rank 1 this is not the case: all of the models that we give are 
either already in the literature or were known to Mukai. As we have said, Mukai gave model constructions 
for some of the rank-1 3-dimensional Fano manifolds X as linear sections of homogeneous manifolds G/P 
in their canonical projective embedding. In other words, X is the complete intersection of G/P C with 
a linear subspace of the appropriate codimension in P^. Mukai's models are not always the best for our 
purposes. The Abelian/non-Abelian correspondence is currently known to hold only for Lie groups of type 
A, and so we prefer to exhibit X as a subvariety of F = A//G where G is a product of groups of the form 
GLs.(C). Our rank-1 models are thus in some sense simpler than Mukai's; in each case they either occur as 
an intermediate step in Mukai's published construction or were known to Mukai. 

Remarks on Quantum Periods of Fano Manifolds. Golyshev, based on a heuristic involving mirror 
symmetry and modular forms, gave a conjectural form of the matrices of small quantum multiplication by 



the anticanonical class for each of the rank-1 Fano 3-folds 22 , and verified it by explicit calculation of 
Gromov-Witten numbers (unpublished). This work is the fundamental source of the perspective taken in 
this paper; it is also an important antecedent to the more precise conjecture (joint with Golyshev) that we 
prove here. The regularized quantum period of rank-1 Fano 3-folds was computed by Beauville [5|, Kuznetsov 



(unpublished), and Przyjalkowski 63-65 . Ciolli has computed the small quantum cohomology rings of 13 
higher-rank Fano 3-folds [9]. 
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Plan of the Paper. Sections [B}|G| are devoted to some preliminaries and examples, mostly to fix our 
notation. In particular we summarise all the results from Gromov-Witten theory that we need. The sub- 
sequent sections 1-105 are self-contained essays, one for each of the deformation families of 3-dimensional 
Fano manifolds, giving: the standard known model construction; our model construction; a proof that the 
two constructions coincide; the calculation of the regularized quantum period; and — where appropriate — a 
match with a Minkowski period of manifold type. In more detail: SjB] gives the definition of and basic facts 
about quantum periods; ^C] treats toric Fano manifolds and Givental's mirror theorem; [JD] introduces no- 
tation for Fano complete intersections in toric varieties and discusses the Quantum Lefschetz theorem; SjE] 
provides some geometric constructions and notation that are used in our model constructions; j|F| summarizes 
the Abelian/non-Abelian correspondence; and in ^G| we compute the quantum periods for Fano manifolds 
of dimensions 1 and 2. The table in Appendix \K\ exhibits Laurent polynomial mirrors for each of the 105 
deformation families of 3-dimensional Fano manifolds. 

B. The J-Eunction and the Quantum Period 

Let X be a Fano manifold, i.e. a smooth projective variety over C such that the anticanonical line bundle 
—Kx is ample. For /3 g H2{X;Z), let Xo,i,/3 denote the moduli space of degree-/? stable maps to X 



from genus-zero curves with one marked point 38 40; let £ iJ,(Xo,i,^; Q) denote the virtual 

fundamental class of ATq,!,^ [7,45 ; let ev: X^^i^p — >■ X denote the evaluation map at the marked point; and 



let ip € H (Xq ij^iQ) denote the first Ghern class of the universal cotangent line at the marked point. The 



For instance, our model constructions of the 3-dimensional Fano manifolds of Picard rank > 2 can be used to better organise 
the calculations in [47] — which we found very helpful on many occasions. We do not pursue this line here, apart from a few 
scattered comments in the text below. 
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J -function of X is a generating function for genus-zero Gromov-Witten invariants of X: 

(3) Jx(a + r) = e^/^e^/M 1+ ^ Q/Sg^^'^) ev. Axq.i./^]™ n H 

Here a e i/"(X;Q), r e F^^^.q)^ q/3 jg representative of (3 in the group ring Ax = Q[H2{X;Z)], and 
we expand as the series X]fe>o "^^"^ J-function is a function on H^{X;Q) ® 7J^(X;Q) that 

takes values in H' (^X; Ax)lz^^- It plays a key role in mirror symmetry 16 20,21 . We have: 

(4) Jx{<J + T) = l + {cr + T)z-'^ + 0{z-^) 

where 1 is the unit element in H'{X). 

Consider now the component of the J-function JxCc+t) along the unit class 1 G H'{X; Q). Set c = r = 0, 
z = 1, and replace e Ax by t^P^^^^) . The resulting formal power series in the variable t is called the 
quantum period of X: 

d>2 0eH2{X;I,): 
{I3-Kx)=d 

where 0voi is a top-degree cohomology class on X such that J-^ (j)voi = 1, and the correlator denotes a 
Gromov-Witten invariant: 



Write the quantum period as: 



0,1, /3I 



Gxit)^l + J2cdt' 



d>2 



The regularized quantum period of X is: 



d>2 



B.l. The J-function for non-Fano manifolds. Suppose now that X is any smooth projective algebraic 
variety, not necessarily Fano, and let u! £ H'^{X;Z) be a Kahler class. The J-function Jx is defined by 
equation ([s]), even in the non-Fano case, but in general instead of taking Ax to be the group ring Q[H2{X; Z)] 
we set Ax equal to the completion of Q[H2{X;'E)] with respect to the valuation v defined by v{QP) = (/3,w). 
As in the Fano case, Jx is a function on H°{X;Q) © H^{X;Q) taking values in i/* (X; Ax) 1^"^], and 
equation Q holds. 

B.2. The Big J-function and the Small J-function. Our J-function Jx{t) is sometimes called the 
"small J-function"; it coincides with the J-function defined by Givental in |2l]. For the small J-function 
Jx{t), the parameter t is taken to lie in H^{X) ® H'^{X). Other authors consider a "big J-function" J{t) 
where the parameter t ranges over all of H'{X). The big J-functions J{t) considered by Coates-Givental and 
Ciocan-Fontanine-Kim-Sabbah coincide with our Jx{t), except for an overall factor of z, when t is restricted 



to lie in H'~'{X) © H^{X): to see this, apply the String Equation and the Divisor Equation 62 §1.2] to the 
definition of the big J-function [sj equation 5.2.1; 15, equation 11]. The overall factor of z here comes from 
an unfortunate mismatch of conventions. 

C. Fang and Nef Toric Manifolds 

Let r = )'■. Write L = Hom(C , T) for the lattice of subgroups of T, and write for the dual lattice 
Hom(r, C^). Elements of are characters of T. Consider an r x N integer matrix M of rank r such that 
the columns of M span a strictly convex cone C in M''. The columns of AI define characters of T, via the 
canonical isomorphism = , and hence determine an action of T on C^. Given a stability condition 
ui e (g) M we can form the GIT quotient: 

X^ := C''//^ T 
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Any smooth projective toric variety X arises via this construction for some choice of M and oj; we refer to 
the matrix M as weight data for X and to w as a stability condition for X . 

There is a wall-and-chamber decomposition of C C ® M, called the secondary Jan, and if stability 
conditions wi and uj2 lie in the same chamber then the GIT quotients X^-^ and X^^ coincide. Write Ci € 
for the i-th column of M, and (q^ , . . . , q^) for the M>o-span of the columns c^^ , . . . , . The walls of the 
secondary fan are given by all cones of the form (c^j , . . . , c^^) that have dimension r — 1. The chambers of the 
secondary fan are the connected components of the complement of the walls; these are r-dimensional open 
cones in C C (g) E. We always take our stability condition a; to lie in a chamber. Given such an w, the 
irrelevant ideal I^j C C[a;i, . . . ^xn] is: 

lul = {xi^Xi^ ■■ - Xi^ \UJ e {Ci^ , . . . , Ci J) 

and the unstable locus is V{Ii^) C C^. The GIT quotient X^^ is: 



(5) X^ = {c''\ViI^))/ 



T 



The variety X^ is nonsingular if and only if , . . . , Ci^ is an integer basis for for each {ii, . . . , v} such 
that u! € (cij^, . . . ,Ci^). 

Suppose now that M, oj are respectively weight data and a stability condition for X. A character ^ e 
defines a line bundle over X and hence a cohomology class Ci{L^) € iJ^(X;Q). Thus the columns of M 
define cohomology classes Di, . . . , 13 at G H^{X; Q). Define the I -function of X: 



rii^l Y\m<(l3,D,) 



Here r G H^{X;Q) and is, as before, the representative of /3 in the group ring Q[H2{X;Z)]. The I- 
function Ix is a function on {X; Q) that takes values in H* (X; Ax) [^"^1 ■ Note that all but finitely many 
terms in the infinite products cancel. Note also that Ix{t) depends only on X, and not on the choice of 
weight data M or stability condition w for X, as the non-zero elements in {-Di, . . . ,Dn} are precisely those 
cohomology classes Poincare-dual to the torus- invariant divisors on X. 

Theorem C.l (Givental). Let X be a toric manifold such that —Kx is nef. Then: 

Jx{v{t))=Ix{t) 

for some function ip: H^{X;Q) H^(^X]Ax) ® H^(^X;Ax)- Furthermore, the function (p is uniquely 



determined by the expansion: 



If X is Fano then ip{t) — r. 



Ix{T) = l + ip{T)z-' +Oiz-^) 



Proof. This follows immediately from Givental's mirror theorem for toric varieties 21 . □ 



Corollary C.2. Let X be a Fano toric manifold and let Di, . . . ,Dn G H'^{X;Q) be the cohomology classes 
Poincare-dual to the torus-invariant divisors on X. The quantum period of X is: 

Gxit)^ 



(/3, D.) > Vi 

Proof. The quantum period Gx is obtained from the component of the J-functio n Jx (t) along the unit class 
1 G H*{X;Q) by setting t = 0, z = 1, and = f{P-Kx}^ apply Theorem 



C.l 



□ 



Example C.3 (number 36 on the Mori-Mukai list of 3-dimcnsional Fano manifolds of rank 2). Here X is 
the projective bundle P{0 ® 0(2)) over P^. This is a toric variety with weight data: 

111-20 L 
1 1 M 



and Amp(X) = {L,M). GoroUary C.2 yields 



Gxit) 



oo oo 

E E 

di=0 d2=2di 



ldi+2d2 



{di\f{d2-2di)\d2\ 
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and regularizing gives: 

G(t) = 1 + + et^ + 60t'^ + 20t^ + 8A0f + 70t^ + 7560t^ + • • • 

D. Fang Toric Complete Intersections 

Assumptions D.l. Throughout S|D] take F to be a smooth toric variety such that —Ky is nef, and take X 
to be a smooth Fano complete intersection in Y defined by a section of i? = Li © • • • ® where each Li is 
a nef line bundle. Let pi = Ci(Li), and let A = pi + ■ ■ ■ + p^. By the Adjunction Formula: 

-Kx = {-Ky-A)\^ 

We assume that the line bundle —Ky — A on F is nef on Y, that is, we assume that —Ky — A) > for 
all /3 in the Mori cone of Y. 

D.l. The Quantum Lefschetz Theorem. We will compute the quantum period of X by computing 
certain twisted Gromov-Witten invariants of the ambient space Y using the Quantum Lefschetz theorem 



15 . Consider the -action on the total space of E given by rescaling fibers (with the trivial action on the 
base). Let A denote the first Chern class of the line bundle 0(1) over CP°° = BC^ , so that the C^-equi variant 
cohomology of a point is Q[X], and let e(-) denote the C ^ -equivariant Euler class. Coates-Givental (ibid.) 
define a complex of C^-equivariant sheaves i?o,i.^ on io,i.^- In this case i?o,i,;9 is a C -equivariant vector 
bundle over Yq ij^, and there is a C ^ -equivariant evaluation map Eq i ^ — > ev* E. Let -Eq ^ be the kernel of 
this evaluation map. The twisted J -function is: 

(6) Je,£(a + r) = e'^/^e^/^(l+ ^ Q^e<^--) ev. ([Foa,^]"" H e(g^^i^^) n ^ H 

Here a £ H°{Y]Q), t € i?2(F;Q), Ql^ is the representative of /? in the group ring Q[i72(F;Z)], and we 
expand as the series Yl,k>o z~''~^il;''. The twisted J-function i^a function on i/°(F;Q) © H^{Y;<Q) 

that takes values in 7J*(F; Ay[A])|z~^]. It satisfies: 

(7) Je,is(a + r) = 1 + (o- + t)z-i +0(z-2) 

where 1 is the unit element in H*(Y). The twisted J-function admits a non-equivariant limit Jy^x which 
satisfies: 

i=s 

(8) j*Jx{f{'J + r)) = Jy^xi<J + r) U 

1=1 

Here j : X Y is the inclusion, and the equality holds after applying the homomorphism between Ax and 
Ay induced by j. Since we can determine the quantum period Gx from the component of Jx along the unit 
class 1 e H*{X), we can determine Gx from the component of Jy^x along the unit class 1 G H'{Y). 
The Quantum Lefschetz theorem determines the twisted J-function Je.E from the twisted /-function: 

0eH2{Y:Z) i=l im=l 

where: 

Jvir) = E Q'Mr) 

Proposition D.2. Under Assumptions \D. l\ we have: 

Ue{t) = A{t) + B{t)z-^ + 0(z-2) 

for some functions: 

A: H^iY;Q) H"{Y;Ay) 

B : (r ; Q) ffO (r ; Ay [A]) ® 2 . 

^Coates-Givental consider a "big twisted J-function" Je^E(t) where the parameter t ranges over all of H'{X). Exactly as 



in SB. 2 



this coincides with our twisted J-function, up to an overall factor of z, when t is restricted to lie in H^(X) © H^{X). 
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// —Kx is the restriction of an ample line bundle on Y , i.e. if {f3, —Ky — A) > for all j3 in the Mori cone 
ofY, then A is the constant function with value the unit class 1 G H'^{Y;Q) and B(t) = t + C{t)1 with: 

C{r) = npQf'e^^^^^ 

for some rational numbers np. In general we have: 

A=l mod {Q^ : 13 ^0, l3 in the Mori cone of Y} 

Proof. Combine the fact that Jo{t) — e^^^ = 1 + tz^^ + 0(z^^) with the fact that 1^, e is homogeneous of 
degree zero with respect to the grading: 

degQ^ = (/3,-ii'y - A) degz = l degA^l deg0 = fc if e i/^fe^y.Q) 

With respect to this grading, A(t) is homogeneous of degree zero and B(t) is homogeneous of degree one. □ 



Theorem D.3. Under Assumptions \D7l\ with A,B,C as in Proposition D.2, we have: 



T t f \\ ^^,e{t) B{t) 
If ~Kx is the restriction of an ample class on Y then Je,E{r) ~ e^'~^^'^^/'^If,^E{r). 



Proof. The first statement is a shght generahzation of CoroUary 7 in Coates-Givental 15 , and is proved in 
exactly the same way. When —Kx is the restriction of an ample class on Y , combining the first statement 
with Proposition |D.2| gives: 

Je.B(T + C(T)l) =4,b(t) 

The String Equation now implies that: 

Je,ij(r + C(r)l) = e^M/Ve,i;(r) 
completing the proof. □ 
The twisted /-function admits a non-equivariant limit: 

Iy,x (t) = Q^■h{r)X{X{{p^ + mz) 

PeH2(Y-Z) j=l m=l 

Corollary D.4. Under Assumptions \D . l\ with A,B,C as in Proposition \D.S\ we have: 

lY.xir) = A{T) + B\T)z-' + 0{z-^) 

where B'{t) — B{t)\^_^, and: 

Jy^xmr)) ^ ^^^^ where ip{T) ^ 

If —Kx is the restriction of an ample class on Y then JY,x{r) = e^'^^'^-'/^/y^jc (r). 



Proof. Take the non-equivariant limit A — > of Proposition |D.2| and Theorem |D.3[ □ 

Corollary D.5. Let Y be a smooth toric variety such that —Ky is ample, and let Di, . . . , Dpf e H^(Y; Q) be 
the cohomology classes Poincare-dual to the torus-invariant divisors on Y . Let X be a smooth Fano complete 
intersection in Y defined by a section of E = Li © • • • © where each Li is a nef line bundle, and let 
Pi = Ci{Li), 1 < i < s. Suppose that the line bundle —Ky — A on Y is ample. Then the quantum period of 
X is: 

Gx{t)^e-^' Y t<''-^--A>nk</^ 

(/3, Di) > Vi 

where c is the unique rational number such that the right-hand side has the form 1 + O(t^). 
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Proof. Recall that Gx is obtained from the component of the J-function Jx{<^ + t) along the unit class 
1 € H*{X;Q) by setting cr = r 0, z = 1, and Q/^ = t^l^-^x). In view of e quation we need the 
component of Jy,x{0) along 1 e H'{Y;Q). Computing Jy{t) using Theorem C.l we see that: 



Applying Corollary D.4 we see that the component of Jy,x{t) along 1 G H'{Y]Q) is: 

n;=in!f=''^^(mz) 



n^ini<,„<(fl,D,)("^^) 



/3eH2(l';Z): lll<m<(,3,D,) 

(P, Di) > Vi 



where: 



/3e-H"2('i';Z): 

I3-Ky-{^) = 1 



for rational numbers as in Proposition |D.2[ Setting t = 0, z = 1, and = t^^' ^'^ yields: 



Gxit)=e-^' Y t 



(13, Di) > Vi 

for some rational number c. We saw in SjBjthat the right-hand side has no linear term in t\ this determines 
c. □ 



Remark D.6. Comparing Corollary D.5 with Corollary C.2 we see that if each of the line bundles Li, . . . ,Ls 
in Corollary |D.5| is a tensor power or fractional tensor power of —Ky then we can compute the quantum 
period Gx from the quantum period Gy and the line bundles alone, without needing to know the full 
J-function Jy. 

Example D.7. Let X be the divisor on F = x of bigree (2, 2). The toric variety Y has weight data: 

1 1 1 L 
1 1 1 M 



and the nef cone Amp(y) is spanned by L and M . The variety X is a member of the ample linear system 
\2L + 2M\, and -{Ky + X) ^ L + M is ample. Corollary [P^ yields: 

Gx{t)-e l^l^t 

1=0 m=o y J y ' 

and regularizing gives: 

Gx{t) = 1 + 44^2 + 528t^ + 11292i4 + 228000t^ + 4999040t^ 

+ 112654080i^ + 2613620380i*^ + 61885803840f^ + ■■■ 

Example D.8. Let Y be the toric variety with weight data: 

110 0-100 L 
1 1 -1 M 
111 N 



and nef cone AmpF spanned by L, M, and N . Let A" be a member of the nef linear system \M + 2N\. We 
have that —Ky = L + M + 3N is ample, so F is a Fano variety, and that —Kx ^ L + N is nef but not ample 
on Y; —Kx becomes ample when restricted to X, so the variety X is Fano. 
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Write Pi, P2, P3 € H*{Y;Z) for the first Chern classes of L, M, N respectively; these classes form a basis 
for H'^{Y;Z). Identify the group ring Q[H2{Y;Z)] with the polynomial ring Q\Q i, Q2 , Qs] via the Q-linear 
map that sends the element € Q[H2iY;Z)] to '^'^gf '^"^Q^ Theorem 



C.l 



gives: 



Ilk=-ooiP3 - P2 - Pl + kz) 



^"^^^^ ' ^ i.^>onUbi+M^nr=i(P2+M^nLib3+M^nrir(P3-;>2-Pi+M 

and hence: 

, , , r/. V- Q'lQTQse^^'^^ nr^'"i'"(A +P2 + 2p3 + kz) nL-oo(P3 -P2-P1 + kz) 

le e(T) — e ' y. j m n n-l-m 

i,m,n>o rifc^ibi + kz)^ nr=ib2 + kz)^ nLi(P3 + kz)^ nL-r(P3 -p2~pi+ kz) 

We now apply Theorem |D.3[ Setting r = 0, we find that: 

h,E{0) = A + Bz-^ +0{z-^) 

where: 

A=l 

/ _ 1 \ m— 1 iOm 

B = (2Q3 + 6Q2Q3)1 + {P3 -P2- Pi) V — — 

^ — ' m 

m>0 



Thus: 

The String Equation gives: 



(2Q3 + 6Q2Q3)1 + iP3 -P2- Pi) l0g(l + Q2) 
J.MB) = /e,£(0) 
Je,i;(cl+T) =e"/Ve,B(T) 



so: 



mt2 nts 



J.,e{{p3 -P2- pi) log(l + Q2)) = e-(2Q3+6Q.Q3)/.j^^^(o) 
The twisted J-function satisfies: 

J.,E{tiPi + t2P2 + hP3) = e(*if 

/,m,n>0 

for classes ci^m,n G Q['^])[[-2^~"^]] that do not depend on ti, t2, is- So, substituting ti = t2 

-log(l + Q2), h = log(l + Q2), we see that: 

Je,i=;((P3 -P2 -Pi)log(l + Q2)) = e(f^-f^-P^)'°s(i+Q2)A^ (0)" 



The change of variables: 
Qi = 



Q2 = 



Q2 



1 + Q2 l + (92 

is called the mirror map; the inverse change of variables is: 



i=TTi^''32=T|%,Q3=Q3(i+Q2 



Qa = Q3(1 + Q2) 



(9) 

and so 



Qi = 



Qi 



Q2 = 



Q2 



I-Q2 I-Q2 

J.MO) - e-'^P^-P--P^^'°^^'+'^-^/'J,^E{{P3-P2-Pi)logil + Q2)) 

g-(2Q3+6Q.Q3)/.j^_^(0) 



h = Q3{l-Q2) 



l = T^,Q2 = T^,Q3 = Q3(l-Q2) 



— g(P3-P2-Pl) log(l-Q2)/^ 



Ql = T^,Q2 = T^,Q3=Q3(l-Q2) 



Taking the non-equivariant limit yields: 

y2 Q'lQTQsi^ - Q2 nS'"(P2 + 2p3 + fcz) nL-oo(P3 - P2 - pi + kz) 
i,m,n>a Uk^iiPi + kz)^ rifcliCPa + nLi(P3 + kz)^ I\k=-Z\P3 -P2-P1+ kz) 
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Recall that the quantum period Gx is obtained from the component of Jx(0) along the unit class 1 G 
7J*(X;Q) by setting z = 1 and = t^P~^^). Consider equation ([s]). To obtain Gx, therefore, we need to 
extract the component of Jy,x{^) along the unit class 1 G i?*(F;Q), set z — 1, set Qi — t, set Q2 = 1, and 
set Q3 — t. This gives: 

r (f] ^ r^^^S^ {2l + 3m)\ 

^r^„^„ (n)2(m!)2((/ + m)!)2 

Regularizing gives: 

Gx{t) = 1 + 58f + 600t^ + 13182i'' + 247440i^ + 5212300^^+ 

111835920i^ + 2480747710i*^ + 56184565920i^ + • • • 

D.2. Weighted Projective Complete Intersections. We will need also an analog of Corollary |D3] where 
the ambient space is weighted projective space, regarded as a smooth toric Deligne-Mumford stack rather 
than as a singular variety. 

Proposition D.9. Let Y be the weighted projective space P(i(Jo, . . . , w„), let X be a smooth Fano variety 
given as a complete intersection in Y defined by a section of E = 0{di) © • • • © 0{dm), and let —k = 
Wo + • • • + Wn — di — ■ ■ ■ — djn- Suppose that each di is a positive integer, that —k > 0, and that: 

(10) Wi divides dj for all i, j such that < i < n and I < j < m 

Then the quantum period of X is: 

where c is the unique rational number such that the right-hand side has the form 1 + O(t^). 



Proof. This follows immediately from Corollary 1.9 in 12 . Corollary 1.9 as stated there is false, however 



because it omits the divisibility hypothesis (10). This hypothesis ensures that the bundle E is convex, and 
hence ensures both (a) that the twisted J- function denoted by J'* in 11 Corollary 5.1] admits a non- 



equivariant limit Jy,x, and (b) that this non-equivariant limit satisfies ([8]): see 13 §5]. Both (a) and (b) are 
used implicitly in the proof of (12[ Corollary 1.9]. Under the additional divisibility assumption (10), however, 
the proof of ^12^ Corollary 1.9] goes through. This proves the Proposition. □ 

E. Geometric constructions 

Lemma E.l. Let G be a nonsingular algebraic variety, let and be locally free sheaves on G of 

ranks n + 1 and n respectively, and let f : V ^ W be a homomorphism of sheaves. Denote by tt : V(y) — > G 
the projective space bundle of lines in V , so that there is a tautological exact sequence: 

^ S* ^ t:*V Q ^ 

with S* :— 0(1). Recall that the homomorphism ■n*V* — >■ 0(1) induces an isomorphism V* = TTi,0{l). The 
section f S Hom(3(V, VK) determines a section f G H^(f'{V),'K*W{l)) by means of the following canonical 
identifications: 

RomaiV^W) H°{G,W (E)V*) = H°{G,W (E}Tr^O{l)) = H°{V{V),7t*W{1)) 

Let F = Z{f) C ¥(V) be the subscheme of ¥{V) where f vanishes. Denote by Z <Z G the subscheme where 
f drops rank; that is, the ideal of Z is the ideal defined by the n + 1 minors of size n of f. Assume (a) that 
f has generically maximal rank; (b) that it drops rank in codimension 2 (this is the expected codimension) ; 
and (c) that Z is nonsingula^ Then F = B\z G. 

^The last assumption (c) is probably not necessary. 
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Proof. The statement is local on G so fix a point P ^ Z <Z G, and a Zariski open neighbourhood P G U ^ 
Spec A with trivializations V\u = W\u = A". The morphism flu is given by a n x (n + 1) matrix M 

with entries in A. Because Z is nonsingular, at least one of the (n — 1) x (n — 1) minors of A is non-zero at 
P, and then, after changing trivializations and shrinking U if necessary, we may assume that 



M 



(\ 
1 




\0 














v) 



It is clear that the ideal generated by the n x n minors of Af is the ideal generated by the two rightmost 
minors x, y (and, since Z is nonsingular, x,y form part of a regular system of parameters at P). Denoting 
by xo, . . . , Xn the dual basis of V*, F\u — F (1 Tr^^{U) C P(y|;7) = [/ x P" is given by the n equations in 
n + 1 variables: 



M ■ 







The first n — 1 equations just say Xq = ■ ■ ■ = Xn-2 = 0, while the last equation states that F\u is the variety 
{xxn-i + yxn = 0) C C/ X that is, F is the blow-up of Z C G. □ 

We will need the following well-known construction. 

Lemma E.2. Let G he a complex Lie group acting on a space A, X — A//G a geometric quotient, and 
p: G ^ GLr{C) a complex representation. 

(1) p naturally induces a vector bundle E = E{p) on X. Explicitly, E{p) = {Ax C^)//G where G acts as 

g: {a,v) ^ {ga,p{g)v) 

(2) Let F = ¥{E) be the bundle of l-dimensional suhspaces of the vector bundle in (1). Then F = 
[A X C^)//(G X C^) where G acts as in (1), and acts trivially on the first factor and by rescaling 
on the second factor. 

(3) Let F — ¥{E) be as in (2). The tautological line bundle 0(— 1) on F is induced as in (1) by the 
l-dimensional representation of G x that is trivial on the first factor and standard on the second. 

We will also need to know how to compute the quantum period of a product in terms of the quantum 
periods of the factors. 

Proposition E.3 (The small J-function of a product). Let X and Y he smooth projective varieties over C. 
Recall that there is a canonical isomorphism H*{X x Y;Q) H*{X;Q) ® H'{Y;Q). Let tx € H'^{X) and 
TY € H^iY). Then: 

Jxxy{tx «) H- 1 «) Ty) = Jx{rx) Jy{ty) 

Proof. Combine: 



• the differential equations 15 equation 16] that characterize the J-function; 

• the fact that the small quantum product *r, G H^, is uniquely determined by three-point Gromov- 
Witten invariants and the Divisor Equation; 

• the product formula for Gromov-Witten invariants [6{ |40| relating three-point Gromov-Witten in- 
variants of X X F to those of X and of Y. 

□ 

Corollary E.4 (The quantum period of a product). Let X and Y he smooth projective varieties over C. 
Then: 

Gxxy(i) -Gx(i) Gy(t) 

□ 
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Notation for Grassmannians. We denote by Gr = Gr(r, n), the manifold of r-dimensional vector sub- 
spaces of C". Notation for the universal sequence: 

where S is the rank r universal bundle of subspaces and Q is the rank n ~ r universal bundle of quotients. 
If A = (Ai > A2 > . . . ) is a partition or Young diagram, we denote by Z\ C Gr the Schubert variety 
corresponding to A and by a\ E i/*(Gr;Z) its class in cohoniology. It is well-known that ^(5"*) — u^i and 

Cj(Q) = fJi for i = 1, 2, 3, 

We will need: 

• the Fieri formula: if A is a partition and > an integer then 



E 



adds k boxes no two in a column 



• the following elementary facts for Gr(2, 5): 

— The Pliicker embedding sends the Schubert variety Z2 ~ {W \ WCi (cq, ei) 7^ {0}} to the subset 
of defined by the equations Z23 — ^24 = ^34 = and: 

rk 1''°^ "^o^ ^o^'l < 2 



— The Pliicker embedding sends the Schubert variety Z\^\ — {W \ W C (60,61,62,63)} = Gr(2,4) 
to a nonsingular quadric. 

F. The Abelian/non-Abelian Correspondence 

Our other main tool for computing quantum periods is the Abelian/non-Abelian correspondence of Ciocan- 
Fontanine-Kim-Sabbah . Ten of the seventeen smooth Fano 3-folds of Picard rank one are toric varieties 
or toric complete intersections, and thus can be treated using the methods of §j }C}|D] the following Theorem 
allows a uniform treatment of the remaining seven cases. 

Theorem F.l. Let Gr denote the Grassmannian Gr(r, rt) of r-dimensional subspaces o/C"; let 5 — )• Gr 
denote the universal bundle of subspaces; and let E — > Gr denote the vector bundle: 

Let X be the subvariety of Gr cut out by a generic section of E, and suppose that: 

k = a + 2b + {r + l)c + {r - l)d + {r - l)e - n 

is strictly negative. Consider the cohomology algebra i/* ((P"^^)''; Q) . Let pi G i?^ ((P""-'^)'') , 1 < i < r, 
denote the first Chern class ofTr*0{l) where TTj : (P"-i)'' — >. p"-i projection to the ith factor of the product. 
Let pi-.-r = Pi + ■ ■ ■ + Pr and, for (Zi, . . . , Z^) G 2' > let \l\ — li + . . . + Ir. Let: 

Th....,;,- = \[{pi-r [ n(2pi-r + fc) n n - +ft + ^) 

\fc=l / \A;=1 / \j = l k=l / 

n n(^'i --^'^+^) n n xi^p^^p^^m 

\j=i k=i I \ i=i j=i+i fe=i / 

and let: 

r— 1 r 

^=n n ^v,-p^) 

The element: 

;i=o 1^=0 llj=i llfc=i i=i j=i+i 
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of H* (^{V^ ^Y'jQ) f^QltJ is divisible by 51. Let It^{t) he the scalar-valued function obtained by dividing (111 
by f2 and taking the component along ff°((P"~^)''; Q) . Then the quantum period Gx of X satisfies: 

Gxit) = e"*/tw(i) 

where a is the unique rational number such that the right-hand side has the form 1 + 0{t^). 



Proof. The expression ( |11[ ) is divisible by fl because it is totaUy antisymmetric in pi, . . . ,pr. We know 
a priori that Gx{t) = 1 + 0{t^), so if there exists a E Q such that Gx{t) = e"*/tw(t) then this a is 
uniquely determined by the condition e"*/tw(0 = 1 -\- 0{t^). For the rest we use the Abelian/non-Abelian 
correspondence. Consider the situation as in §3.1 of d with: 

• the space that is denoted by X in [sj set equal to A — C", regarded as the space of r x n matrices; 

• G = GLr(C), acting on A by left-multiplication; 

• T = (C^)'', the diagonal torus in G; 

• the group that is denoted by 5 in [s] set equal to the trivial group; 

• V equal to the representation: 

( det Vstd) ® ( det V^td ® det V^td) © (^^td ® det V^tdj © (Kw ® det V^td) © ( ^std) 
where Vgtd is the standard representation of G. 
Then A//G is the Grassmannian Gr = Gr(r, n) and A//T is (P"~^)''. The Weyl group W = Sr permutes the 
r factors of the product (P""^)*". The representation V induces the vector bundle Vq — E over A//G = Gr, 
and the representation V induces the vector bundle: 



Vt = (0(1, 1, . . . , l))""" © (0(2, 2, . . . , 2))*' © ( ©^-^1 0{l, 1, . . . , 1) ® ^^Oil)^ 

© ( ©,^=1 o(i, 1, . . . , 1) ® ^;o(-i)) © ( ©[=1 ©^^^,+i<o(i) ® ^;o(i)) 

over AjjT = (P""!)''. 

We fix a lift of i/*(A/G;Q) to 77*(A//r,Q)^ in the sense of (sl §3]; there are many possible choices for 
such a lift, and the precise choice made will be unimportant in what follows. The lift allows us to regard 
H'{A//G\'Q) as a subspace of H'{A//T.Q)'^ , which maps isomorphically to the Weyl-anti-invariant part 
H'Ia//T,Q)'' of H'{A//T,Q) via: 

H'{A//T,Q)^ — ^i7*(A//T,Q)° 



We compute the quantum period of X by computing the J-function of Gr — A//G twisted 15 by the Euler 
class and the bundle Vg, using the Abelian/non-Abelian correspondence [8j 



We begin by computing the J-function oi A//T twisted by the Euler class and the bundle Vt- As in SD.l 
and as in [s], consider the bundles Vt and Vg equipped with the canonical -action that rotates fibers and 
acts trivially on the base. We will compute the twisted J-function Js.Vt of ^//'^ using the Quantum Lefschetz 
theorem; Je,VT defined in equation ([6]) above, and is the restriction to the locus r e H^{A //T)(SH'^{A//T) 
of what was denoted by Jy^"' (r) in |8j. The toric variety A//T is Fano, and Theorem 



C.l 



gives: 



where r = ripi -{-r^Pr and we have identified the group ring Q[H2{A//T; Z)] with Q[Qi, . . . , Qr] via the 
Q-linear map that sends to q[^''^^'^ ■ ■ ■ Qi^'^''^ . Each line bundle summand in Vt is nef, and the condition 
A: < ensures that ci{A//T) — ci(Vt) is ample, so Theorem |D.3| gives: 

(12) Je v.(t) = e-(Oi-^^+-+0^-^'-)/^e^/^ £ ' ' ' E ' " ^'"^''^'^r'"^"^'"-' 
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for some rational number c, where: 



2\l\ 



+ pi...r + Pj + kz) 
) \k=\ ) \j = \ fe=l / 

/ r \'^/r-l r h+h N 

[I[I[i^+Pl-r-P]+kz)^ ( ]J Y[ Y[{X+p,+Pj+kz) 

\j=l k=l 



i=l j=i+l k=l 



The prefactor e'^^'^ie^iH \-Qre^^)/z ^^2 \ comes from the prefactor e '^('^'/^ in Theorem 



D.3 



Consider now A//G and a point t e H'{A//G). In [8| §6.1] the authors consider the hft J^^^ {t) of their 

twisted J-function J^^^"" (t) determined by a choice of hft H*{A//G;Q) H'{A//T,Q)^. We restrict to 
the focus t € H°{A//G;Q) ® H'^{A//G;Q), considering the hft: 

Je,vo(0 := Jvf^ W t G H^iA//G;Q) ® H\A//G;Q) 

of our twisted J-function Je,Va determined by our choice of hft H'{A//G;Q) — >■ H'{A//T. 
ampfo generator for H'^{A//G]'L) = Z and identify the group ring 'Q\H2{A//G;'l)\ with 
map which sends to q^^'^K Theorems 4.1.1 and 6.1.2 in [s] imply that: 



Let p be the 
via the O-linear 



T=t,Ql=--=Qr = (-l)- 

for somcj^ function (^: H^{A//G;Q) H* {A//G; Aa//g) such that ip{0) = c'g G i7°(A/G;Q 



)Aa//g. Setting 



t = gives 

The String Equation gives: 
and therefore: 



1=1 j—i+i 



Je,VG(c'9)=e^'«/Ve,VG(0) 

' (-i)i'i('-i)<zi'ir,,,...,,(A,z)'^-^ 



n n {PJ~p^+ilJ-h)z) 

i—1 



(13) Je,Vo(0)Uf7 = e-/^^...^ 

;i=o ;„=o 11^=1 nfc=i (Pi + kzY 

where a ~ — c' ± cr. Note that if fc < — 1 then a = 0, for in that case both c and c' are zero. Note also that 
r;i,...,;^(0, 1) coincides with what was denoted rjj^...^;^ in the statement of the Theorem. 

We saw in Example D.8 how to extract the quantum period Gx from the twisted J-function Jg Vg(0)- 
we take the non-equivariant limit A — >■ 0, extract the component along the unit class 1 G H* {A//G;Q), set 
z = 1, and set = t^P~^^). Thus we consider the right-hand side of (13), take the non-equivariant limit, 
extract the coefScient of fl, set z = \, and set q = t~''. The Theorem follows. □ 

G. Fang Manifolds of Dimension 1 and 2 

As a warm-up exercise, and because we will need some of these results in the three-dimensional calculation, 
we now compute the quantum periods for all Fano manifolds of dimension 1 and 2. 

Example G.l. There is a unique Fano manifold of dimension 1: the projective line P^. This is the toric 
variety with weight data: 

1 1 



and nef cone given by the non-negative half-line in M. Corollary |C.2| gives: 

oo 

Gr^{t)^J2 



i=0 



{d\f 



^The map ip is grading preserving where cohomology classes have their usual degree and q has degree —2k. Furthermore ip 
is the identity map modulo q. It follows that ip(0) = c'q 6 H'^{A//G\Q) Cg) ^a//G some c' G Q, and that c' = whenever 
k < -1. 
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del Pezzo Surfaces. There are 10 deformation families of Fane manifolds of dimension 2: these are the 
del Pezzo surfaces. It is well-known that, up to deformation: 

• there is a unique smooth Fano surface of degree 9, being the projective plane P^; 

• there are two smooth Fano surfaces of degree 8, being the Hirzebruch surface Fi and the product of 
projective lines x P-'^; 

• there is a unique deformation class of smooth Fano surfaces Sd of degree d, 1 < d < 7. 

Given this, it is easy to see that the del Pezzo surfaces can be constructed, and their quantum periods 
calculated, as follows. 

Example G.2. The del Pezzo surface P^ is the toric variety with weight data: 

1 1 1 

and nef cone equal to the non-negative half-line. Corollary |C.2| gives: 



d=Q ^ ' 

Example G.3. The del Pezzo surface P^ x P^ is the toric variety with weight data: 

110 L 
11 M 



and nef cone equal to {L,M). Corollary C.2 gives: 

;=o m=0 ^ ' ^ ' 

Example G.4. The del Pezzo surface Fi is the toric variety with weight data: 

11-10 L 
11 M 

and nef cone equal to {L^M). Corollary |C.2| gives: 



oo oo 



/=0 m=l ^ ' ^ ' 

Example G.5. The del Pezzo surface S-j is the toric variety with weight data: 

10 1-1 L 
1 1 0-1 M 
0-1 1 \ N 



and nef cone equal to (L, A/, iV). Corollary |C.2| gives: 

oo oo l-\-'m 



oo_ j30_ l+m ^l+m+n 



llmlil + 111 — n)!(n — l)l(n — m)\ 

Example G.6. The del Pezzo surface is the toric variety with weight data: 

1 1 -1 A 

10 1 B 

1 1 C 

1 -1 1 D 



and nef cone equal to ( A -I- B, B -f C, C + -D, A + S + C, B + C + D) . Corollary |C.2| gives: 

J2i J2i fii* ^a+2fc+2c+(i 



Gs«w = EEE E 



a\h\c\d\(a + h-d)\{c + d-a)\ 

a=0 f)=0 c=0 d=max(a-c,0) ^ ' ^ ' 
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Example G.7. The del Pezzo surface 5*5 is a hypersurface of bidegree (1, 2) in P'^ x P^. The ambient space 
P^ X P^ is the toric variety with weight data: 

1 1 L 
111 M 



and nef cone equal to {L,M), and 5*5 is a member of \L + 2M\ on P^ x P^. Corollary 

r (f\ - (/ + 2m)! 



D.5 



gives: 



1=0 m=0 



Example G.8. A complete intersection of type (2, 2) in P'' is a del Pezzo surface 5*4. Proposition D.9 

" A2d)\{2d)\ 



gives: 



d=0 



{dlf 



Example G.9. A cubic surface in P^ is a del Pezzo surface 5*3. Proposition D.9 

,(3d)! 



gives: 



d=0 



Example G.IO. A quartic surface in P(l, 1, 1, 2) is a del Pezzo surface 82- Proposition D.9 gives: 

(4d)! 



d=0 



(d!)3(2d)! 



Example G.ll. A sextic surface in P(l, 1, 2, 3) is a del Pezzo surface Si. Proposition D.9 

(6d)! 



gives: 



d=0 
1. 



(d!)2(2(i)!(3d)! 



Name: P^ 

Construction: The Fano toric variety X with weight data: 

1111 L 



and Amp(X) spanned by L. 

The quantum period: Corollary |C . 2| yields: 



Gx{t)^J2 



d=0 



id\y 



and regularizing gives: 



Gx{t) = 1 + 24<'* + 2520i* + 369600t^^ 
Minkowski period sequence: [Ij 

2. 

Name: 

Construction: A divisor X of degree 2 on F = P^. 
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The quantum period: The toric variety F has weight data: 

11111 L 



and Amp(F) = (L). We have: 

• is a Fano variety; 

• X ^ 2L is ample; 

• —{Kp + X) ^ 3L is ample. 

Corollary D.5 yields: 



oo 



and regularizing gives 



Gx{t) = 1 + 12t^ + 540t^ + 33600t^ + 2425500*^=^ + • • • 
Minkowski period sequence: |3| 

3. 

Name: Bi 

Construction: A sextic hypersurface X in P(l, 1, 1, 2, 3). 
The quantum period: Proposition |D.9| yields: 

(d!)3(2d)!(3d)! 

and regularizing gives: 

Gx{t) = 1 + 120t2 + 83160i'^ + 81681600i^ + 93699005400^* + 117386113965120*^° + • • • 
Minkowski period sequence: None. Note that the anticanonical line bundle of Bi is not very ample. 

4. 

Name: B2 

Construction: A quartic hypersurface X in P(l, 1, 1, 1, 2). 
The quantum period: Proposition |D.9| yields: 

and regularizing gives: 

Gx{t) ^ 1 + 24*2 ^ 2520*'' + 369600*^ + 63063000** + 11732745024*^" + • • • 
Minkowski period sequence: 140, 

5. 

Name: Bj, 

Construction: A divisor X of degree 3 on F = P"*. 
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The quantum period: The toric variety F has weight data: 

11111 L 



and Amp(F) = (L). We have: 

• is a Fano variety; 

• X ^ 3L is ample; 

• —{Kp + X) ^ 2L is ample. 



Corollary D.5 yields 



d=0 ^ '' 

and regularizing gives: 

Gx{t) ^ 1 + I2t^ + 540t^ + 33600t^ + 2425500*^ + 190702512*^° + • • • 
Minkowski period sequence: |166| 

6. 

Name: 

Construction: A codimension-2 complete intersection X of type (2L) n (2i) in the toric variety F = 
The quantum period: The toric variety F has weight data: 

111111 L 

and Amp(F) = (L). We have: 

• F is a Fano variety; 

• X is the complete intersection of two ample divisors on F 

• —{Kp + K) ^ 2L is ample. 



Corollary D.5 yields: 

d=0 ^ '' 

and regularizing gives: 

Gx{t) = 1 + St^ + 216^"* + SOOOt*^ + 343000t** + 16003008ii° + • • • 
Minkowski period sequence: [75| 

7. 

Name: B^, 

Construction: A complete intersection X in Gr(2,5) cut out by a section of O(l)®'^, where 0(1) is the 
pullback of 0(1) on projective space under the Pliicker embedding. 

The quantum period: The line bundle 0(1) is the ample generator of Pic(Gr(2, 5)), hence 0(1) coincides 
with det(S'*) where S is the universal bundle of subspaces on Gr(2, 5). We apply Theorem |F . 1 1 with a = 3 
and h = c — d — e — Q, obtaining: 

1=0 m=0 \ -J \ -J 

where Hm is the mth harmonic number. Regularizing yields: 

Gxit) = l + 6t^ + lUt^ + 2940t^ + 87570t^ + 2835756i^° + • • • 
Minkowski period sequence: |46| 



Name: V2 
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Construction: A sextic hypersurface X in P(l, 1, 1. 1, 3). 



The quantum period: Proposition D.9 yields: 

i^;pF(3d)! 

and regularizing gives: 

Gx{t) = 1 + 68760t2 + 55200000^3 + 61054781400t'' + 71591389125120^''^ + 88808827978814400t^ 
+ 114426010259814758400^^ + 151686694219076253783000i^ 

+ 205548259807393951744128000*^ + • 
Minkowski period sequence: None. Note that the anticanonical line bundle of V2 is not very ample 

9. 

Name: V4 

Construction: A divisor X of degree 4 on F = P**. 
The quantum period: The toric variety F has weight data: 

11111 L 

and Amp(F) — (L). We have: 

• is a Fano variety; 

• X ^ AL \s ample; 

• ~{Kp + X) ^ L is ample. 
Corollary D.5 yields: 



d=0 ^ ' 

and regularizing gives: 

Gx{t) = 1 + 1944<2 + 215808*3 + 35295192*" + 5977566720*^ + 1073491139520**^ + 199954313717760* 

+ 38302652395770840**^ + 7497487505353251840*^ + • 

Minkowski period sequence: |165| 

10. 

Name: Vg 

Construction: A codimension-2 complete intersection X of type (2L) H (3i) in the toric variety F — 
The quantum period: The toric variety F has weight data: 

111111 L 



and Amp(F) = (L). We have: 

• F is a Fano variety; 

• X is the complete intersection of two ample divisors; 

• —{Kp + A) ^ i is ample. 

Corollary D.5 yields: 

Gx{t)=e 

and regularizing gives: 

Gx(t) = 1 + 396*2 _^ 17616*3 + 1217052*"* + 85220640*^ + 6349812480*^ + 490029523200*^ 

+ 38883641777820*** + 3152020367254080*^ + ■ 
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Minkowski period sequence: [I64| 

11. 

Name: Vs 

Construction: A codimension-3 complete intersection X of type {2L) n {2L) n {2L) in the toric variety 
F = P*^. 

The quantum period: The toric variety F has weight data: 

1111111 L 



and Amp(F) = (L). We have: 

• is a Fano variety; 

• X is the complete intersection of three ample divisors; 

• —{Kp + A) ^ L is ample. 

Corollary |D.5| yields: 

Gx{t)~e 

and regularizing gives: 

Gx{t) = 1 + lh2t^ + 3840i^ + 157656*'' + 6428160*'^ + 280064960i^ + 12618762240*'' 

+ 584579486680** + 27660007173120*^ + • • • 

Minkowski period sequence: |163| 

12. 

Name: Vio 

Construction: A complete intersection X in Gr(2, 5), cut out by a section of 0(1)®^ ® C'(2) where 0(1) is 
the pullback of 0(1) on projective space under the Pliicker embedding. 



The quantum period: We apply Theorem F.l with a — 2, b — 1, and c = d = e = 0. This yields: 



^^^^ ,^ ((/ + m)!)^(2Z + 2m)! , 

where iJ„j is the mth harmonic number. Regularizing gives: 



+ 30859805970** + 1000739433120*^ 



Gx{t) = 1 + 78*2 ^ -^320^3 _^ 37746^4 _^ ^051920*^ + 31464780*^ + 971757360*^ 
Minkowski period sequence: |160| 

13. 

Name: V12 

Construction: A subvariety X of Gr(2, 5) cut out by a generic section of [S* ® det S**) det S* , where S 
is the universal bundle of subspaces on Gr(2, 5). 
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A remark on the construction: The paper of Mukai 57 is devoted to this case and it is shown there 



that X is a complete intersection of 7 hyperplane sections of the (10-dimensional) orthogonal Grassmannian 
0Gr(5, 10) in its spinor embedding in P^^. This model contains X as a linear section and, perhaps more 
important, is the largest hyperplane "un-section" of X . Our construction, on the other hand, is better-suited 
for the fast calculation of the quantum period of X. 

Write V = C^; in what follows, for ease of notation, we denote by 0(1) the line bundle det S** on 
Gr(2, V^) ~ Gr(2,5). Let E C Gi{2,V) be the vanishing locus of a general section s of the vector bundle 
S'*(l). Below we sketch a general construction of a natural linear embedding S C OGr(5,10); this shows 
that our construction and Mukai's construction coincide. To compute the quantum period of X, however, we 
need rather less. Gromov-Witten invariants are deformation-invariant so, since there is a unique deformation 



family of ViqS 34 35 , it suffices to show that our construction gives a smooth member of this family. In 
other words, it suffices to prove that S is a rank-1 Fano 4-fold of Fano index 2 — hence coindex 3 in Mukai's 
terminology — and degree 12. 



The Picard rank of S is 1 by Sommese's Theorem 44 Theorem 7.1.1] and, from the exact sequence: 
we get that: 



-Ky 



C r'Gr(2,5)|S 'S'*(1)|E 
J^Gr(2,5)®A2(5(-l)) 



IS 



That is, E is a Fano 4-fold of Fano index 2. It remains to show that E has degree 12; this is a small calculation 
in Schubert calculus: 

[E] = C2iS* (g) det S*) = CTia + 2al = Scti^ + 2a2 

and therefore: 

deg E = [E]cr^ = 0-1, icr^ + 2crf = 2 + 10 12 
We next sketch the promised construction of a linear embedding E C 0Gr(5, 10). The first task is to 
construct a rank-5 vector bundle on E — the bundle that will be the pull-back of the tautological sub-bundle 
of OGr(5,10). 

We claim that Ext^(S'*, Q) = C and take E the unique nontrivial extension. To calculate this Ext group 
consider the Koszul resolution of Os : 







0(-3)^5(-l) 



Gr(2,y) 







Tensoring by 5 (g) Q and using H^{Gt{2, F); 5 (g) Q) = H^{Gt{2, V); S (x) Q) = {0} (Borel-Weil-Bott) and 
ij2(Gr(2,l/);S'(g)Q(-3)) = i/3(Gr(2, F); 5 (g) Q(-3)) ={0} (Borel-Weil-Bott) we get: 

Ext^(S'*, Q) = iJi(E; S* (g g) = H^{Gt{2, F); 5 (g g g) S'(-l)) = C 

again by Borel-Weil-Bott. 

As anticipated, denote now by E the unique nontrivial rank-5 extension: 

O^Q^E^S*^0 

The bundle E fits into a natural self-dual "diagram of 9" : 
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where W = V(BV*. The diagram makes it clear that E d V (SV* is isotropic when V (BV* is equipped with 
the canonical nondegenerate symmetric bilinear form. Thus E induces a map S — 0Gr(5, V © V*). 



The quantum period: We apply Theorem |F . 1 1 with a = c = 1 and b = d = e = 0. This yields 

(2Z + m)! 
(n)5(m!) 



3505282200^^ + 85882130880t^ 



Lm>0 1=0 rn=0 

where Hk denotes the fcth harmonic number. Regularizing gives: 

Gx{t) = 1 + 48i2 + eOOt^ + lairet'^ + 276480t^ + 6259800^^ + 146064240t^ 

Minkowski period sequence: |150| 

14. 

Name: V14 

Construction: A complete intersection X in Gr(2,6), cut out by a section of 0(1)®^ where 0(1) is the 
puUback of C(l) on projective space under the Pliicker embedding [28{[29|[56] . 



The quantum period: We apply Theorem F.l with a — 5 and b = c = d = e = 0. This yields: 

l,m>0 \ ■) \ ■) 

where H„i is the mth harmonic number. Regularizing gives: 

Gx{t) = 1 + + 312t3 + 5520i'' + 91680t^ + 1651640^*^ + 30604560i^ 

+ 583436560<^ + 11352768000t^ + ■ 



Minkowski period sequence: 147 



15. 

Name: Vig 

Construction: The vanishing locus X of a general section of the vector bundle: 

A^S* e (det S*)®^ 

on Gr(3,6). 

A remark on the construction: The paper [59] of Mukai is devoted to this case and it is shown there 
that A is a complete intersection of 3 hyperplane sections of the (6-dimensional) symplectic Grassmannian 
SpGr(3, 6) of complex Lagrangian 3-dimcnsional subspaces W dV.^ where is equipped with the standard 
symplectic form cj e A^C^*, in the Pliicker embedding inherited from Gr(3, 6). Indeed, the natural surjection 
A^C^* — ?> /\^S* induces an isomorphism: 

i7°(Gr(3,6);A2C'^*) ^ ff"(Gr(3, 6); A^fi-^) 

that allows us to view lu as an element of i7°(Gr(3, 6); A^S"*) with zero locus SpGr(3, 6). Thus the construction 
given above coincides with that given by Mukai (ibid.). 

The quantum period: We apply Theorem |F . 1 1 with a — h ~ c = d — and e — \. This yields: 



Gx{t) = 1 + I2t^ + + 121<4 + 336^5 + ^ 1888^7 ^ ^ isffso^g ^ . . . 

Regularizing gives: 

Gx{t) = l + 24t2 + 192i3 + 2904t^ + 40320i^ + 611520i^ + 9515520t^+ 152412120^^ + 2491104000^^ 



Minkowski period sequence: 143 
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16. 



Name: Vis 

Construction: The vanishing locus X of a general section of the vector bundle: 

{S(S)detS*) ®detS*®^ 

on Gr(5,7). 

A remark on the construction: The paper f60l is devoted to this case and it is shown there that X is 
a complete intersection of 2 hyperplane sections of a (5-dimensional) homogeneous space = G2/ P ior the 
exceptional Lie group G2- It is not hard to argue from first principles that S is the vanishing locus of a 
general section of S* ^ det S*. We sketch this here, assuming that the reader is acquainted with basic facts 
about the geometry of the Lie group G2- Fix a 7-dimensional complex vector space V = C"^ and a 3-form 
(fi e A^V* in the generic GL7(C)-orbit; we may take: 

= + dx235 _^ ^^346 _^ ^^457 _^ ^^561 ^ ^^672 ^ ^^713 

where dx^^'^ — dx^ A dx^ A dx''. Then: 

T,= {W € Gr(2,y) I ip{wi,W2,-) = for all ?i;i,W2 G W} 

As usual denote hyO—>-S—>-V—>-Q—i'0 the tautological sequence on Gr(2, V). Note that rkS""* = 2, hence 
A^S* = 0, and therefore there is a natural homomorphism A^V* Q* ^{a'^S*). This homomorphism allows 
us to: 

• view if as an element £ H°{Gr{2,7);Q* (g) {det S*)); and 

• identify E with Z{s^). 

Finally, we get our construction upon identifying Or (2, V) with Gr(5, V*). 

The quantum period: We apply Theorem |F . 1 1 with a = 2, d 1 and b = c = e = Q. This yields: 



Gx{t) 

Regularizing gives: 



1 + 9t2 + 20^3 



+ 153^5 4- + 62lf 



67581 ^8 _|_ 351641+9 



64 



216 



Gx{t) = 1 + ISi^ + 120t3 + 1566t'' + 18360i^ + 237060i^ + 3129840t^ 
Minkowski period sequence: |124| 



+ 42576030r + 590756880^ + ■ 



17. 



Name: Vo; 



Construction: The vanishing locus A of a general section of the vector bundle: 

)3 



{S ® det S*) 



on Gr(3,7) (cf. ^^M). 



The quantum period: We apply Theorem F.l with d — ?, and a 



0. This yields: 



Gx{-t) = 1 + 6^2 + 

Regularizing gives: 

Gx{t) = 1 + 12^2 + eot^ + 636t* 
Minkowski period sequence: |113| 

Mori— Mukai name: 2-1 



53+4 



5117 .8 I 5210 .9 I 
32 t -r 27 '' ^ 



5760t^ + 58620t^ + 604800t^ + 6447420i® + 70022400t^ 



18. 



Mori— Mukai construction: The blow-up of Bi with centre an elliptic curve which is the intersection of 
two members of | — ^A^j^j. 
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Our construction: A divisor X of bidegree (1, 1) in the product x S^. 



The two constructions coincide: Apply Lemma E.l with V — Obi^Ob^ W — ~\Kbi, and f : V W 
the map given by the two sections of —^Kb^ that define the eUiptic cm've. 

The quantum period: Combining Example |G.1[ the calculation in Section [3j and Corollary |E.4[ we have: 

oo oo 



,=o™=o (/!)2(m!)3(2m)!(3m)! 



Applying Remark D.6 yields: 

r (f) = p-6it (6m)!(? + TO)! 

(Z!)2(m!)3(2m)!(3m)! 

and regularizing gives: 

Gx{t) = 1 + 10380^2 + 2082840i^ + 650599740*'' + 199351017360*'^ + 64604751907800**^ 

+ 21521865311226000*^ + 7344504146141322300** + 2554251417295177437600*^ + • • • 
Minkowski period sequence: None. Note that the anticanonical line bundle of X is not very ample. 

19. 

Mori Mukai name: 2-2 

Mori— Mukai construction: A double cover of x P-^ branched along a divisor of bidegree (2,4). 

Our construction: A member X of |2L + AM\ in the toric variety F with weight data: 

xq xi yo yi 2/2 w 

1 1 1 i 
1112 M 



and Amp F = {L,L + 2M) . We have: 

• —Kp — 3L + 5M is ample, that is F is a smooth Fano orbifold; 

• X - 2L + 4M is nef; 

• -{Kp + X) ^ L + M is ample. 

The two constructions coincide: Consider the defining equation of X to be w'^ = /2,4, where /2,4 is a 
bihomogeneous polynomial of degrees 2 in xo, xi and 4 in yo, yi, y2- Let p: --^ P^ x P^ be the rational map 
which sends (contravariantly) the homogeneous co-ordinate functions [xq, xi, yo, yi, 2/2] on Pil;^^^;^ x ^'^^^y^^y^ 
to [xo, 2/Oj yi, 2/2]- The restriction of p to X is a morphism, which exhibits X as a double cover of P^ x P^ 
branched over the locus (/2,4 = 0) C P^^^^^ x ^^^y^^y^- 

Remarks on our construction: Next we make some comments on the geometry of X and the embedding 
X d F that are not logically necessary for the computation of the quantum period: this subsection can safely 
be skipped by the impatient reader. In particular we explain why in this case Amp is a proper subset of 
Amp X. The toric variety F is defined by the requirement that Ampi^ = (L, L + 2M); the unstable locus is 
[xq = Xi = 0) U (2/0 = J/i = y2 = w 0) and: 

Note that F is itself a Fano variety — or, more precisely, a smooth Fano orbifold — and X is a nef divisor on F 
such that —{Kp + X) is ample, so the given model is well-adapted for computing the quantum cohomology of 
X via Quantum Lefschctz. The linear system \L\ = |xo,a;i| defines a morphism f : F ^ f'].^ with fibre the 
weighted projective space P(l, 1, 1, 2); the restriction f\x : AT — > P^ is one of the two extremal contractions 
of X. On the other hand, the linear system \M\ = |2/0j 2/1,2/2! is not base point free on F: the base locus is 
a section C of the morphism /. When restricted to X, however, this linear system is free and it defines the 
"other" extremal contraction A ^ P^. In particular, we see that {L, L + 2M) — AmpF C AmpX = {L,M). 
How can we see the rest of Amp A? 
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Let US denote by F' the toric variety corresponding to the "other" chamber, so that Amp F' = {L + 2M, M) 
and the unstable locus is now (j/o = 2/i = 2/2 = 0) U (ccq = xi = w = 0). Note that F' is the flip of F along the 
curve C = (yo = 2/1 = J/2 = 0) C F. X is a member of \2L + 4M|, a nef hnear system on F', but —{Kpi + X) 
is not nef on F' and so this construction of X is not well-adapted for computing the quantum cohomology 
of X via Quantum Lefschetz. Nevertheless, AmpX = AmpF + AmpF', so we need F' to see all of AmpX. 
The linear system I2/0, J/i, 2/2! is free on F' and it defines an extremal contraction g: F' ^V'^ with fibre P^; 
this also gives the missing extremal contraction of X. 



The quantum period: If we assume a mirror theorem for toric orbifolds in the form 33 Conjecture 4.3] 
then we can apply the Quantum Lefschetz theorem for orbifolds fill, exactly as in Proposition D.9 to obtain: 

^ . . _ i4t .i+„, (2/ + 4m)! 

Regularizing gives: 

Gx{t) = 1 + 470^2 + 21216t3 + 1562778t^ + 114717120t^ + 9003183140t^ + 731280419520*^ 

+ 61092935052730t^ + 5214279501137280*^ + • • • 

Minkowski period sequence: None. Note that the anticanonical line bundle of X is not very ample. 

The quantum period, alternative construction: There is as yet no proof of 33, Conjecture 4.3] in the 
literature so we give an alternative calculation of the quantum period for X. This uses a different model of 
X, as a member of |27V| in the toric variety F with weight data: 

xq Xi yo yi y2 w z 



1 1 -1 L 
111-20 M 
1 1 N 



and AmpF = {L,M,N). The variety F is the projective bundle P(Opixp2(-l, -2) © Opixps) over P . Let 
p: F — >■ P^ X P^ be the projection map, and consider the defining equation of X to be: 

- W^f2A = 

where f2A is a bihomogeneous polynomial of degrees 2 in xq, xi and 4 in yo, yi, y2- The restriction p\x ■ X — > 
pi X p2 exhibits X as a double cover of P^ x P^ branched over the locus (/2,4 = 0) C P^^.^^ x Vl^.y^.y^- 

We now compute the quantum period of X. Let pi, p2,P3 S H*{F; Z) denote the first Chern classes of L, 
M, and N respectively; these classes form a basis for H^{F; Z). Write r G H'^{F; Q) as t = T1P1+T2P2 + T3P3 
and identify the group ring Q[7?2(F;Z)] with the polynomial ring Q[Qi,Q2,Q3] via the Q-linear map that 
sends the element € Q[i/2(F;Z)] to Q^^^^^gf '^"^gf '^'^ The toric variety F is Fano; Theorem 
gives: 



C.l 



Jf(t) = e 
and hence: 



rh>^ nLi(pi + vcLM + fc^)^ nLife + kz) vc^-j:^'\v3 -pi- 2^2 + kz) 



, , , riz sr Q'lQ^Qge'-^e^-^e""^ Ilfc" i(A + 2p3 + kz) IlL-oofe -Pi- 2p2 + kz) 
E[T) — e ' y. — j ~i-2 

,„>o Uk=iipi + YVk=i{P2 + kz)^ nLi(P3 + kz) nL-oo™(P3 -pi- 2^2 + kz) 



We have: 

.-1 I /0^_-2 



/e,i;(r) = A{t) + B{t)z-' + 0{z-') 
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where: 



{n\y 

Tl = ^ ' 

(l-4g3e^^)-i/2 



B{r) = Qi^"^?3e"--j^^-^ + E Q^e-Q^e 



n!(n-l)! \^ n!(n-2)! 



n=0 ^ ' 

and Hm is the mth harmonic number. In the notation of CoroUary |D.4[ we have: 
■^-^ n!(n — 1 ! ^-^ n!n — 2)! 

n=l ^ ' n=2 ^ ^ 

+ E ^3^""^' y^P3 ((2i?2n - - - Pi - 2p2)i/„) 

n=0 ^ 

= 2Qie"iQ3e"^(l - 4g3e"^)"-''/' + 12g2e"^g2e2^^ (1 - ^Qze^'^Y"'!^ 

^P3(l - 4g3e^^)-i/2log(l - 4g3e^^) - (p3 -Pi - 2^2) £ ^3e"^^S^. 

Corollary |D.4| gives: 

Jy.x{^{t)) = (1 - 4g3e^^)i/2/y,^(T) 

where: 

, 2gie"^g3e-3 i2g2e72Q2g2r3 
(^(r) = r + + — ,„ -p3log(l - 4g3e - (p3 -Pi - 2^2)^^ 



l-4g3e-3 (l-4g3e-3)2 

n=0 

and: 

^ ^ ^ r/. glg^gge'-^e^-^e""^ n'fc:i(2p3 + fcz) nL-oo(P3 - Pi - 2p2 + kz) 

' ,i;r>o ni^ibi + kz? nr=ib2 + kzy nLife + fc^) n^ii-^ (P3 -pi- 2^2 + fc^) 

From equation |8j we have that: 

j.Jx(iV(T)) = 2p3(l - 4g3e^3)i/2j^_^(^) 

where j : X — )■ F is the inclusion map and equality holds after applying the map of coefficient rings Kx — >■ Ai? 
induced by j. Note that j*{p^ — Pi — 2p2) = 0; this reflects the fact that X is disjoint from the divisor w = Q. 
Consider the classes p'^ = j*pi and p'2 — j*P2- These form a basis for iJ^(X), and we identify the group ring 
Q[H2{X; Z)] with the polynomial ring Q[qi, 92] via the Q-linear map that sends the element G Q[H2{F; Z)] 

to q['^'^^\2^'^^\ The map Ax — > Ap induced by j sends qi to gig3 and 52 to g2g3. We have: 

J V(r) = (n + r3)p; + (r2 + 2r3)pJ, + ^ff^Q^'f,^ + ^^^f^Q^^y " (P'l + 2^2) log(l - 4g3e-) 
and thus, from equation [3j 

Jx(r^(r)) = exp ((^^^^ + ^fSS?)/-) X 

Jx{{tx + T3)p'i + {t2 + 2t3)p'2) 
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Making the inverse change of variables Qi — Qi{^ ~ AQ^e^^), Q2 = ^2(1 ~ ^Qs^^^Y , we see thalj^ 
(14) J, Jx(0) = e-(2QiQ3+i2Q.Ql)/.2p3(i _ 4Q3)'/'/y.x(0) 

Ql=Ql(l-4Q3),Q2=Q2(l-4Q3)2 

Recah that the quantum period Gx is obtained from the component of Jx(0) along the unit class 1 G 
iJ*(X;Q) by setting z = 1 and = ^(/3 -aTx) To obtain Gx, therefore, we need to extract the coefhcient 
of 2p3 on the right-hand side of (14 1, set z — 1, and set: 

QiQ2^t QiQl = t 

(this amounts to setting qi — q2 — t and then applying the map of coefficient rings Ax — > A^^ induced by the 
inclusion j). Observe that ^3(^3 — pi — 2p2) = in H*{F). Taking the coefficient of 2ps on the right-hand 
side of ( 14 1 and setting z ~ 1 thus gives: 

00 00 00 



(2Q1Q3+12Q2Q3) n'n™n"n _ 4n.V+2™+5 

(;!)2(m!)3n!(n-/-2m)! 



g-(2QiQ3 + 12Q2Q^)^^ J2 Q[QTQ^{1-AQ3 

1=0 m=0 n=l+2m 



-(2Q,Q3 + 12Q,Qg) V V QiQTQi^'-'jl - 4Q3)'+^"+^ f> pn-/-2^ (2»)! 

(Z!)2(m!)3 ^ ^3 n!(7i-/-2m)! 



g-(2QiQ3 + 12Q2Q^) 



f. Q\Q^QT'-i^ - 4Q3)'+^-+^ / , ... 
2^ 2^ (Z!)2(to!)3 ^^^3; 



;=0 m=Q 

00 00 



g-(2QiQ3 + 12Q2Q^) ^ J2 Q\Q'i'Q\^ 



lr^r,^r^l+2ra (2/-f4m)! 



,^o_o (^!)^(m!)3(/ + 2H! 

Setting Qi(33 = i, QiQi, ~ t yields: 



^3 

00 CO 



(2Z + 4m)! 



^ ti^it, (;!)2(m!)3(Z + 2TO)! 

and regularizing gives: 

Gx{t) = 1 + 470*2 + 21216t^ + 1562778^* + 114717120t^ + 9003183140t^ -I- 731280419520t'' 
+ 61092935052730i** + 5214279501137280i^ + • • • 

20. 

Mori Mukai name: 2-3 

Mori— Mukai construction: The blow-up of B2 with centre an elliptic curve that is the intersection of two 
members of \ — }^Kb^\- 

Our construction: A divisor X of bidegree (1, 1) in the product P-'^ x B2- 



The two constructions coincide: Apply Lemma E.l with V = Ob2®C>b2, W = —^Kg,-^, and f : V W 

the map given by the two sections of —^Kb2 that define the elliptic curve. 

The quantum period: Combining Example |G.H the calculation in Section |4j and Corollary |E.4[ we have: 

Gri^BAt)-}_^}_^t (;,)2(^,)4(2^), 

1=0 m=0 \ J \ J \ I 

Applying Remark |D . 6| yields: 



(4m)!(? + m)! 
(;!)2(m!)4(2m)! 



from the formula. We will see it explicitly for the coefficient of 2p3 in | |14| l below. 
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and regularizing gives: 

Gxit) = 1 + 300*2 _^ 3472*3 + 438588*'' + 21183120*^ + 1115221080**' + 60512230800*^+ 

3385779824700*^ + 193681282922400*^ + • • • 
Minkowski period sequence: None. Note that the anticanonical line bundle of X is not very ample. 

21. 

Mori Mukai name: 2-4 

Mori— Mukai construction: The blow-up of P^^ with centre an intersection of two cubics. 
Our construction: A member X oi \L + 3M| in the toric variety F — P^ x P^. 



The two constructions coincide: Apply Lemma E.l with V = Op3 Ops, W = Ops (3), and f: V ^ W 
given by the two cubics that define the centre of the blow-up. 



The quantum period: The toric variety F has weight data 

1 1 
1111 



L 
M 



and AmpF = {L, M). We have: 

• F is a Fano variety; 

• X ^ L + iM is ample; 

• ~{Kf + X) L + M \s ample. 
Corollary |D.5| yields: 

oo oo (1 I o W 

Gxit) = e-'^yy *'+'" i„t : 

i=o m=o \ -I y ) 

and regularizing gives: 

Gx(*) = 1 + 90*2 ^ -^5j^g^3 _^ 46086*^ + 1327320*^ + 41383350*^ + 1329442380*^ 

^ 43944315030** -I- 1483208104560*^ -h ■ 

Minkowski period sequence: |161| 

22. 

Mori Mukai name: 2-5 

Mori— Mukai construction: The blow-up of B-^ with centre a plane cubic on it. 
Our construction: A member X of |3Af| in the toric variety F with weight data: 

So Si X X2 X3 Xi 



1 1 -1 L 
1 1 1 1 M 



and AmpF = {L, M). We have: 

• —Kp = L + AM is ample, that is F is a Fano variety; 

• X - 3M is nef; 

• -{Kp + X) ^ L + M is ample. 

The two constructions coincide: The notation makes it clear that sq, Si are sections of L; xsq, xsi,X2,X3,X4 
are sections of M; and F is a scroll over P^ with fibre P^. The morphism F — >■ P'' that sends (contravariantly) 
the homogeneous co-ordinate functions [xq, . . . , X4] to [xsq, xsi, X2,X3, X4] is the blow-up along xq = xi = 0. 
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The quantum period: Corollary |D . 5 1 yields : 

and regularizing gives: 

Gxit) = 1 + 66f + 816t^ + 20214^^^ + 449640t^ + 11050500i^ + 278336520t^+ 



7229175030t** + 191680807920t^ + ■ 



Minkowski period sequence: 158 



23. 

Mori Mukai name: 2-6 

Mori Mukai construction: 

(a) A divisor of bidegree (2, 2) on x P^; 

(b) A double cover of C P^ x P^ (the divisor of bidegree (1,1) on P^ x P^) whose branch locus is a 
member of |— ifvKl- 

Our construction: A member X of \2L + 2M\ in the toric variety = P^ x P^. 

The two constructions coincide: Obvious. 

The quantum period: This is Example |D.7[ We have: 

Gxit) = 1 + 4:4f + 528t^ + 11292t'^ + 228000t^ + 4999040^*^ + 112654080t'' 

+ 2613620380^* + 61885803840^^ + • • • 

Minkowski period sequence: |149| 

24. 

Mori Mukai name: 2-7 

Mori— Mukai construction: The blow-up of a quadric 3-fold Q C P'' with centre the intersection of two 
members of |C'q(2)|. 

Our construction: A codimension-2 complete intersection X of type (2Af) r){L + 2M) on the toric variety 

= pi X p4. 



The two constructions coincide: Apply Lemma E.l with V — Oq ® Oq, W — Oq(2), and f : V ^ W 
given by the two sections of Oq{2) that define the centre of the blow-up. This shows that X is a divisor of 
bidegree (1, 2) on P^ x Q, or in other words a complete intersection of type (2M) D {L + 2M) on P^ x P''. 

The quantum period: The toric variety F has weight data: 

1 1 L 
0011111 M 



and AmpF = {L, M). We have: 

• F is a Fano variety; 

• X is the complete intersection of two nef divisors on F; 

• -[Kp -t- A) ~ L M is ample. 
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Corollary |D.5| yields: 



1=0 m=0 

and regularizing gives: 



^ ^ (n)2(m!)5 



Gxit) = 1 + 36r + 348r + 6516r + 110880t^ + 2069820r + 39606000i' 



780530100i^ + 15697106880t^ + ■ 



Minkowski period sequence: 148 



25. 

Mori Mukai name: 2-8 

Mori Mukai construction: 

(a) A double cover of Bj (the blow-up of P'^ at a point) with branch locus a member B of |— i^Syl such 
that B O D is nonsingular, where D is the exceptional divisor of the blow-up Bj P^^; 

(b) A specialization of (a) where B D is reduced but singular. 

Our construction: A member X of \2L + 2M\ in the toric variety F with weight data: 



So 


Sl 


S2 


X 


X3 


w 




1 


1 


1 


-1 





1 


L 











1 


1 


1 


M 



and Amp F ^ {L,L + M) . We have: 

• —Kp = 3(L + M) is nef and big but not ample, so that F is not a Fano variety; 

• X r^2{L + M) is nef; 

• ~{Kp + X) ^ L + M is nef and big but not ample. 

The two constructions coincide: Consider the equation of X in the form: 

— x^a2 + x^xb^ + x^Ci 

where 02, 63, and C4 are generic homogeneous polynomials in sq, si, S2 of degrees 2, 3, and 4 respectively. The 
locus (w = 0) C F is a copy of B7 and the branch locus meets the exceptional divisor D = {x = w = 0) =F^ 
in a nonsingular conic. 

Remarks on the birational geometry of X: Next we make a few comments on the geometry of X and 
the embedding X <Z F that are not logically necessary for the computation of the quantum period. The 
discussion is similar to the discussion of 2-2 in \ 19 above; it in particular shows that X is a Fano variety, 
which is not immediately clear from our construction. 

The secondary fan manifestly has three maximal cones. By definition Amp F = {L, L + M) . The irrelevant 
ideal is {wSi,X3Si,xSi) and the unstable locus is: 

{sq — Si — S2 — 0) U {w = X = X3 = 0) 

The linear system \L\ — [so, 51:521 defines a morphism /: F — P-^ with fibre P'^ and f\x is a conic bundle 
(in particular, an extremal contraction in the Mori category). The linear system |i + M | = \w, x^Si, xSiSj\ 
gives a flopping contraction of 11 = (a; = 0:3 = 0) = P^ with normal bundle 0{—l) 0{—2). Note, however, 
that X nH = 0: this contraction maps X isomorphically onto its image. 

Denote by F' the toric variety such that AmpF' = {L + M, M). The irrelevant ideal is: 

{xzW,XW,X3Si,XSi) 

and the unstable locus is: 

(a; 2:3 = 0) U (sq ^ Si = S2 = w = {)) 
The linear system \L -f M\ defines the flop of F. On the other hand, |M| defines a contraction g: F ^ 
P(1, 1, 1, 1, 2) which sends (contravariantly) the homogeneous co-ordinate functions [xq, xi, X2, x^, y] on P(l, 1, 1, 1, 2) 
to [sqx, Six, S2X, X3,wx]. The restriction g\x maps X to the variety Y with equation 

y2 = a;3a2(a;o,a;i,a;2) -f a;363(xo,a;i,a;2) + C4{xo,xi,X2) 
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SO Y is the double cover of branched along a general quartic surface B with an ordinary node at (0, 0, 0, 1), 
and g\x : X — > K is an extremal divisorial contraction contracting X D {x = 0) = {vP = a;|a2(so, si, S2)) — 
X P^ to the node just mentioned. 

It follows from the preceding discussion that Amp X — Amp _F+ Amp F' = {L, M) ; in particular, therefore, 
X is Fano. 

Finally the chamber (Af, M — L) is "hollow" , that is, taking the GIT quotient with respect to a stability 
condition from the interior of this chamber leads to a rank 1 toric variety. 

The quantum period: Let pi, P2 & H*{F;Z) denote the first Chern classes of L and L (S) M respectively; 
these classes form a basis for H^{F;Z). Write t G H^{F;Q) as t = ripi + T2P2 and identify the group 
ring Q[H2{F;'Z)] with the polynomial ring Q[Qi,Q2] via the Q-linear map that sends the element G 
Q[H2{F;Z)] to Q[^-P'^Qi^^P'K We have: 

, , , V- Q[QTe'-^e^-^ nL-oo(P2 - Pi + kz) nL-co(P2 - 2pi + kz) 

-If[t) = e ' y. 1 m ni^l m-2l 

z,m>o 0^=1 (pi + ^2)^nr=ib2 + kz) nr=-oo(P2 + m nr=-oo(P2 - 2^1 + kz) 

= l+TZ-l+0(z-2) 



Assumptions D.l hold and, in the notation of Proposition D.2 we have A{t) = 1 and B{t) = r. We now 
proceed exactly as in the proof of Corollary |D.5[ obtaining: 

iF,x(T) = 



and: 



QiQ',"e'-^e-^ ITfeL"''"' (2pi + 2p2 + kz) nL-oo(P2 - Pi + kz) nL-oo(P2 - 2pi + kz) 

nL=i bi + kz)^ nr=i ^ + kz) nrioo ^2 - pi + kz) nr-L ^ - 2pi + kz) 



oo oo 



;=0 m=2l 



(2m)! 

(Z!)3m!(m- 20! 
Regularizing gives: 

Gx{t) = 1 + 26i2 + im^ + 3582t4 + 54480i^ + 874700i^ + 15000720t^ 

+ 256965310i^ + 4576672800t^ + • • • 

Minkov^rski period sequence: |144| 

26. 

Mori— Mukai name: 2-9 

Mori— Mukai construction: The blow-up of P^ with centre a curve F of degree 7 and genus 5 that is an 
intersection of cubics. 

Our construction: A codimcnsion-2 complete intersection X of type (L + Af)n(L + 2M) in the toric variety 

P2 X P3. 

The two constructions coincide: The curve F is cut out by the equations: 

^1 ^2 \ ^ 2 
go 91 92 / 

where the li are linear forms and the are quadratic forms. Lemma E.l implies that X is the complete 
intersection given by the two equations 

j ^02/0 + hv\ + hV2 = 

[qovo + qivi + 92^2 = 

in P'^ X P^ , where the first factor has co-ordinates Xo,Xi,X2tX^ and the second factor has co-ordinates yo,yi,y2- 
In other words, X is a complete intersection of type (L + M) D (2L -I- M) in P'^ x P^. 
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The quantum period: The toric variety F has weight data: 

1 1 1 1 L 
1 1 1 M 



and AmpF = {L, M). We have: 

• F is a Fano variety; 

• X is the complete intersection of two ample divisors on F\ 

• -{Kp + A) ~ L + M is ample. 
Corollary |D.5| yields: 

Gx{t)-e l^l^t 

and regularizing gives: 



Gx{t) = 1 + 22t^ + llAt^ + 2514t* + 34200t^ + 501070i^ + 7586880t^ 



117858370i^ + 1870811040t^ 



Minkov^rski period sequence: 139 



27. 

Mori-Mukai name: 2-10 

Mori— Mukai construction: The blow-up of C with centre an elliptic curve that is an intersection 
of two hyperplane sections. 

Our construction: A codimension-2 complete intersection X of type (2M) n (2Af) in the toric variety F 
with weight data: 

So Si X X2 X3 Xi X5 

11 -1 0000 L 
00 11111 M 



and AmpF = {L, M). We have: 

• —Kp — L + 5M is ample, that is F is a Fano variety; 

• A is the complete intersection of two nef divisors on F; 

• -{Kp + A) ~ L + M is ample. 

The two constructions coincide: The notation makes it clear that sq, si are sections of L; xsq, xsi,X2,X3, X4, X5 
are sections of M; and F is a scroll over with fibre P^. The morphism F ¥^ that sends (contravariantly) 
the homogeneous co-ordinate functions [xq, xi^ X2, x^, x^, x^] to [xsq, xsi, X2,X3, X/^, x^] is the blow-up along 
{xo = xi=0) C V^. 



The quantum period: Corollary |D . 5 1 yields : 



(2m)!(2m)! 



1=0 rn=i y ' y J \ J 

and regularizing gives: 

Gx{t) = 1 + 28i2 + 216t3 -I- 3516i* + 49680i^ + 783640t^ + 12594960*^ 



208898620i^ + 3533634720^'' + ■ 



Minkowski period sequence: |145| 

28. 

Mori Mukai name: 2-11. 

Mori— Mukai construction: The blow-up of C P** with centre a line on it. 
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Our construction: A member X oi \L + 2M\ in the toric variety F with weight data: 

So Si S2 X X^ Xi 



1 1 1 






1 1 



L 
M 



and Amp = {L, M). We have: 

• —Kp — 2L + 3M is ample, that is F is a Fano variety; 

• X ^ L + 2M is ample; 

• -{Kp + X) ~ L + M is ample. 

The two constructions coincide: The notation makes it clear that sq, si, S2 are sections of L; xsq, xsi,xs2,X3, X4 
are sections of M; and F is a scroll over with fibre P^. The morphism F P"* that sends (contravariantly) 
the homogeneous co-ordinate functions [xq, xi, X2, x^, X4] to [xsq, xsi, XS2, x^, X4] is the blow-up along the line 
£ = {xq = cci = 2:2 = 0) C P**. We construct X as the proper transform of a general cubic B3 C P* containing 
the line i. This has an equation of the form: 

XqA + xiB + X2C = 

where B, and C are homogeneous quadratic polynomials in the variables xq, xi, . . . , x^. Thus X is given 
in F by the equation: 

soA{sox, six, S2X, X3, X4) + siB{sox, six, S2X, X3, 3:4) + S2C{sox, six, S2X, X3, X4) — 

The quantum period: Corollary |D . 5 1 yields : 



(? + 2m)! 



1=0 m=l 



and regularizing gives: 

Gxit) = 1 + Uf + lOSt^ -I- 1074i'' + 13440i^ 



(n)3(m-0!(m!)2 
154760i^ + 1951320t^ 



24999730r + 325321920^ + ■■■ 



Minkowski period sequence: 120 



Mori Mukai name: 2-12. 

Mori Mukai construction: The blow-up of 
intersection of cubics. 



29. 



with centre a curve F of degree 6 and genus 3 that is an 



Our construction: A codimension-3 complete intersection X of type {L + M) n (L + M) O {L + M) in the 
toric variety F = P^ x P^ . 

The two constructions coincide: The curve F C P^^ is given by the condition: 

(^00 ^01 ^02 'o3\ 
^10 hi h2 hz \ < 3 
ho hi hi hzl 



where the Uj are linear forms in xg, . . . , 2:3. Lemma E.l implies that is a codimension-3 complete inter- 
section in Pi?„,^^,^,,^3 X P^o,yi,j,,,„3 given by the three equations: 

^ooyo + hiyi + ^022/2 + ^03j/3 = 
^loyo + hiVi + h2V2 + hsUs = 
hoVo + hiVi + ^222/2 + ^23^3 = 
In other words, X is a complete intersection in P^ x P^ of type [L -f M) n (F + M) C^{L + M). 



QUANTUM PERIODS FOR FANO MANIFOLDS 



35 



The quantum period: The toric variety F has weight data: 

1 1 1 1 L 
1 1 1 1 M 



3 



and AmpF = {L, M). We have that: 

• F is a Fano variety; 

• X is the complete intersection of three ample divisors on F; 

• -{Kp + A) ~ L + M is ample. 
Corollary |D.5| yields: 

Gx{t)-e l^l^t 

1=0 m=o y J y I 

and regularizing gives: 

Gx{t) = 1 + 14t^ + 72i^ + 882i'' + 8400i^ + 95180^^ + 1060080t^ + 12389650*^ + 146472480*^ + • • • 
Minkovirski period sequence: |118| 

30. 

Mori Mukai name: 2-13 

Mori— Mukai construction: The blow-up of a quadric 3-fold Q C with centre a curve F of degree 6 and 
genus 2. 

Our construction: A codimension-3 complete intersection X of type [L + M) n (i + M) n (2Af ) in the 
toric variety F = P^ x P"^. 

The two constructions coincide: Let [so,si,y] be homogeneous co-ordinates on P(l, 1,3). We have that 
F = P(l, 1, 3) n Q, where the embedding P(l, 1, 3) ^ P* sends (contravariantly) the homogeneous co-ordinate 
functions \xq, . . . to [sq, s\s\,Sos\, s\,y\. Thus P(l, 1, 3) C P'* is given by the condition: 

rkf^" ^1 ^M<2 

X\ X2 X3 



By Lemma E.l the blow-up G of P along P(l, 1,3) is the complete intersection in P^^ x P^^ cut 
out by the equations: 

ixovo - xiyi + X2y2 = 
\xiyo - X2yi + X3y2 = 

Our Fano variety X is the complete intersection of G with a quadric q{xo, xi,X2,X3,X4). Thus AT is a complete 
intersection of type {L + M) n {L + M) n {2M) in P^ x P"^. 

The quantum period: The toric variety F has weight data: 

1 1 1 L 
00011111 M 



and AmpF = (i, M). We have that: 

• F is a Fano variety; 

• A is the complete intersection of three nef divisors on F; 

• -{Kp -I- A) ~ F -I- M is ample. 
Corollary |D.5| yields: 

1=0 m=0 \ J \ ) 

and regularizing gives: 

Gxit) = 1 + 14t^ + 84t^ + 930i'' + 9720i^ + 108680t'^ + 1259160t^ + 14951650t^ + 181377840t^ 
Minkowski period sequence: |119| 
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31. 



with centre an elliptic curve that is an intersection 



Mori Mukai name: 2-14 

Mori Mukai construction: The blow-up of C 
of two hyperplane sections. 

Our construction: A divisoij^X of bidegree (1, 1) on B5 x P^. 

The two constructions coincide: Let [xq, . . . , xq] be homogeneous co-ordinates on P^, and let F ^ ¥^ 
be the blow-up in the complete intersection (xq — xi =0). Our Fano variety X is the proper transform of 
B5 C P'^ under the blow-up. Applying Lemma [e1] with V = Ope © Ope, W = Op6(l), and f : V ^ W the 



map given by (xq, Xi) shows that F is the subvariety of P^^^ ^'^vo yi ^^^"^ t)y the equation ccoj/o+^^iyi = 0. 
The quantum period: Combining Example |G.1[ the calculation in Section [7j and Corollary |E.4[ we have: 

\3 



G 



B5XI 



CX3 00 00 

EEE 



^ -j^y-|-m^2/-|-2m+2n 



(;!)5(m!)5(n!): 



where Hm is the mth harmonic number. Applying Remark |D . 6| yields : 



;=0 m=0 n=0 



(l-5(m-0i?„ 



-(1 - b{m-l)H„ 



and regularizing gives: 
Gx{t) ^ 1 + 16^2 + 90t^ 



{l\f{m\f{n\Y 

llQAt^ + 11460i^ + 133990*^ + 1588860t^ + 19463920^* + 242996040t^ + 



Minkowski period sequence: 122 



32. 

Mori Mukai name: 2-15 

Mori— Mukai construction: The blow-up of P'^ with centre the intersection of a quadric A and a cubic B. 
Our construction: A member X of |2L + M\ in the toric variety F with weight data: 

So Si S2 S3 X X4 



1 -1 
1 



L 
M 



and AmpF ~ {L, M). We have: 

• —Kp = '6L -\- 2M is ample, that is is a Fano variety; 

• X ^ 2L + M is ample; 

• -{Kp + X) L + M is ample. 



The two constructions coincide: Apply Lemma E.l with V = C'p3(— 1) 
W the map given by the matrix (i? A) . 



)Op3, W ^ Op3(2), and /: V 



The quantum period: Corollary |D . 5 1 yields : 



00 00 



Gx{t) 

and regularizing gives: 

Gx{t) ^ 1 + I2t^ + + 56At^ 4 
Minkowski period sequence: 1091 



/=0 m=l 



{21 + m) 



3600r 



{l\Y{m-l)\m\ 
Anm^ + 360360t^ + 3839220t* + 37749600i^ 



^This is one of six cases of families of rank 2 Fano 3-folds (2-14, 2-17, 2-20, 2-21, 2-22, 2-26) where the generic member 
is not a complete intersection in a toric variety. Of these, four (2-14, 2—20, 2-22, 2-26) are blow-ups of along a curve: a 
complete intersection, a twisted cubic, a conic, and a line. Fano 3-folds in families 2-17 and 2-21 are blow-ups of a quadric 
3-fold. 
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33. 

Mori Mukai name: 2-16 

Mori— Mukai construction: The blow-up of B4 C with centre a conic on it. 

Our construction: A codiniension-2 complete intersection X of type (L + M) n {2M) in the toric variety 
F with weight data: 

So Si S2 X X3 Xi X5 

1 1 1 -1 L 
1 1 1 1 M 



and AmpF = {L, M). We have: 

• —Kp = 2L + AM is ample, that is is a Fano variety; 

• A" is the complete intersection of two nef divisors on F] 

• ~{Kf + A) £ + M is ample. 

The two constructions coincide: The morphism F — > which sends (contravariantly) the homogeneous 
co-ordinate functions [xq, si, . . . , 2^5] to [sqx, six, S2X, x^,Xi, x^] blows up the plane 11 = {xq = xi = X2 = 0). 
We realise X as the complete intersection of the proper transform of a quadric containing 11 and a generic 
quadric. 

The quantum period: Corollary |D . 5 1 yields : 

r <i\ - p-2t {l + m)\{2m)\ 

^x{t)-e 2^2^T (n)3(m-n!(m!)3 

1=0 m=i y J y J \ ) 

and regularizing gives: 

Gx{t) = 1 + lOt^ + mt^ + 510t* + 4920f^ + AlQm^ + 473760t^ -I- 4908190^* + 51641520i^ + ■■■ 
Minkowski period sequence: 104, 

34. 

Mori Mukai name: 2-17 

Mori— Mukai construction: The blow-up of a quadric 3-fold Q C P** with centre an elliptic curve F of 
degree 5 on it. 

Our construction: The vanishing locus X of a general section of the vector bundle: 

(5* M C>p3(l)) ® (det S* M C'p3(l)) ® (det S* H Opa) 

on the key variety F = Gr(2, 4) x P^, where S is the universal bundle of subspaces on Gr(2, 4). 

The two constructions coincide: First consider Gr(2,4) with tautological rank-2 sub-bundle S C C"': it 
is well-known that the vanishing locus Z = Z{s) of a general section s E r(Gr(2, 4); i?) where: 

E = S*(g) det S* 

is a del Fezzo surface of degree 5. Indeed this can be shown as follows: the adjunction formula immediately 
implies that —Kz — —{Kx^det E)\z = det S* is ample, that is Z is a del Fezzo surface, and a small exercise 
in Schubert calculus shows that if| — 5. 

Next we blow-up Z C Gr(2,4). Consider the P^-bundle p: P{E*) -J> Gr(2,4) of lines in E*: under 
p*E 0(1) we can identify s G F(Gr(2, 4); = F(P(£:^), 0(1)) with a section S of 0(1) on V{E*) and, by 
Lemma IE. II 

p:Y = Z{§) C V{E*) Gr(2, 4) blows up Z = Z{s) C Gr(2, 4) 

Next, identify: 
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• ¥{E*) = ¥{S (g) det S) with ¥{S). Write V ^ with basis Bq, . . . , eg and note that the tautological 
sequence 

S -^V ^ Q ^0 

on Gr(2,4) identifies V* with r(Gr(2. 4); 5*) . In this notation, we can now also identify: 

P(S') = Z{cr) C Gr(2, V) x P{V*) 

where a = boXq H 63X3 S r(Gr, V) x PiV); S* Kl 0(1)) is a general section. 

• The hne bundle 0(1) on P(i;*) with the line bundle detS"^(l) on P{S) and s with a section that, 
abusing notation, we still denote by s: 

Se r(P(S');det S*{1)) 

Combining all of the above we identify the blow-up F of a del Pezzo surface of degree 5, Z C Gr(2, 4), with 
the vanishing locus of a general section {a, s) of the bundle 

{S* M Ops (1)) © (det S* H Op3 (1)) 

on Gr(2,4) x P'^. It follows easily from this that our construction and the Mori-Mukai construction coincide. 

Abelianization: Consider Gr(2,4) as the geometric quotient C^/GL2(C) where we regard as the space 
Af(2,4) of 2 X 4 complex matrices and GL2{C) acts by multiplication on the left. The universal bundle 
S of subspaces on Gr(2,4) is the bundle on C^// GL2(C) determined by V*^^, where Vstd is the standard 
representation of GL2(C). Consider the situation as in §3.1 of |8 with: 

• the space that is denoted by X in [s] set equal to A = C^^, regarded as the space of pairs: 

{(M, w) : M is a 2 X 4 complex matrix, w G is a vector} 

• G = GL2(C) X acting on A as: 

(5, A): (M,w) ^ (gM^Xw) 

• T = (C^)^, the diagonal subtorus in G; 

• the group that is denoted by S" in ^ set equal to the trivial group; 

• V equal to the representation of G given by 

(Vstd ^ V;td) ® (det V;td ^ V;td) © det Vstd K Vtriv 
where Vtriv is the trivial 1-dimensional representation of C^. 
It is clear that A//G^ F, whereas v4/T = P^ xP^ xP^. The non-trivial element in the Weyl group W ^Z/2Z 
permutes the first and second factors in the product P^ x P'^ x P'^. The representation V induces the vector 
bundle Vg = E over F, whereas the representation V induces the vector bundle: 

Vt = 0(1, 0, 1) ® 0(0, 1, 1) © 0(1, 1, 1) © 0(1, 1, 0) 

over A//T. 

The Abelian/non-Abelian correspondence: Let pi € H'^{A//T;Q), 1 < i < 3, denote the first Chern 
class of 7rfOp3(l) where tt^ : A//T P^ is projection to the ith factor of the product A//T = P^ x P^ x P^. 
Set f7 = (p2 " Pi)- We fix a lift of H*{A//G]Q) to H*{A//T,Q)^ in the sense of (8, §3]. As in the proof of 
Theorem |F . 1 [ there are many possible choices for such a lift, and the precise choice made will be unimportant 
in what follows. The lift allows us to regard H'{A//G;Q) as a subspace of H'{A//T,Q)'^ , which maps 
isomorphically to the Weyl-anti- invariant part i7*(A/r,Q)" of H*{A//T,Q) via: 

H'{A//T,Q)^ — ^H'{A//TMT 



We compute the quantum period of X by computing the J-function of F = A//G twisted 15 by the Euler 
class and the bundle Vg, using the Abelian/non-Abelian correspondence ||8 . An alternative method of 
calculation has been given by Andrew Strangeway [67] . 

We first compute the J-function of A//T twisted by the Euler class and the bundle Vt- As in the proof of 
Theorem FT consider the bundles Vt and Vg equipped with the canonical -action that rotates fibers and 
acts trivially on the base, and consider the twisted J-function Jg.Vr of AjjT . Je,VT defined in equation 
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t above, and is the restriction to the locus r e H°{A//T) © H'^{A//T) of what was denoted by J^^^^'(t) m 
, The toric variety ^//T = x ; " 



is Fano, and Theorem C.l 



gives: 



JA,/T{r) = e' l^l^l^ _3n.=^,,^.^,. 



(15) 



p'l"^! p'2-r2 p'3T3 



n :ms(p.+^^ 



, (52, Qa] 

via the Q-hnear map that sends to Q[^'^^'' Q^^'^^'' Q^^^'^^'K Each hne bundle summand in Vt is nef and 



where r = ripi + T2P2 + T3P3 and we have identified the group ring Q[H2{A//T;'Z)] with 

via the Q-linear map that sends to Q^f'^^'^Q^2 
Ci{A//T) — ci(Vt) is ample, so Theorem D.3 gives: 

(16) Je,v.(r) - e-(Qi'="+Q^'=^^+Q-'-^')/^e^/^ 



EEE 

Zi=o ;2=o (3=0 



'1 ^2 "^3 



il+i2+'3 

J]^ (A + Pi + P2 + P3 + ^2^) 
fc=l 

Consider now F = ^//G = Gr(2,4) x P^ and a point t e H'{F). Let ei e H'^{F;Q) be the puUback 
to (under projection to the first factor) of the ample generator of i/^(Gr(2, 4)), and let £2 G H'^{F;Q) 
be the puUback to F (under projection to the second factor) of the ample generator of 7J^(P^). Identify 
the group ring Q[H2{F;Z)] with Q[qi,q2] via the Q-linear map which sends to '''^ In ^ §6.1] 



the authors consider the lift J, 



H'{A//G; 

lift: 



H'{A//T, 



Vg 



{t) of their twisted J-function Jy^*^ (t) determined by a choice of lift 
We restrict to the locus t e H°{A//G]Q) H'^{A//G;Q), considering the 



Je.VoW:=^Vc W teH^{A//G-Q)(SH'{A//G;Q) 

of our twisted J-function Je.Vc determined by our choice of lift H* {A//G;Q) — t- H'{A//T, 
rems 4.1.1 and 6.1.2 in [s] imply that: 

9 



Theo- 



Zg7-)Je,VT(T) 



T=«,Qi=Q2=-gi ,Q3=92 



for somcj^ function (p: ij2(A//G;Q) ^ H'{A//G-Ka//g) such that cp(0) G H°{A//G;Q) A^//g. Setting 
t = gives: 



(17) Je,VaMO)) Uf^ = 

g-(2gi+92)/2: ^ ^ ^ 



00 00 00 



(-i)'^+'^9^+'^92^(ni 



nr=^^(A+K+p,+fc^); 

( rifc^l'^'-' (A -f pi + P2 + P3 + fc^)) (P2 - Pl + (/2 - ^l)^) 



ii=o ;2=o ^3=0 



<i<i<3 . 
j=3 Y-fk=lj 



The left-hand side here takes the form: 



whereas the right-hand side is: 
(18) 



{P2 - Pi){i + m^^' + o{z-^)) 

{p2-Pl){l~qiZ-' + 0{z-^)) 



l^As in Theorem 



F.l 



the map ip is grading preserving and satisfies ip = id modulo 91,92- We will need only that '^^(O) £ 



H'-^{A//G;Q) eg) ^A//G^ however, and we will see this explicitly below. 
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We conclude that ip{Q) = ~qi and hence, via the String Equation, that: 
(19) Je,VG(0)ur! = 



-(9l+-32)/2 ^ ^ ^ - 3 k I 

ii=0 1^=0 1^=0 Hj-^l Ilk=l iPj + 



( rifc^i'^'' {X+PI+P2+P3 + kz)) (p2 - Pi + {h - h)z) 

We saw in Example D.8 how to extract the quantum period Gx from the twisted J-function Jg Vg(0): 
we take the non-equivariant limit A — > 0, extract the component along the unit class 1 e H* {A//G;Q), set 
z = 1, and set = t^P~^^) . Thus we consider the right-hand side of (19), take the non-equivariant limit, 
extract the coefficient of SI, set z = \, set qi = t, and set q2 = t. This yields: 



where H^. is the fcth harmonic number. Regularizing gives: 

Gx{t) = 1 + lOi^ + 42t^ + 414*^^ + 3300i^ + 29890t^ + 275940t^ + 2608270** + 25305000i^ + ■ 
Minkowski period sequence: |101 

35. 

Mori Mukai name: 2-18 

Mori— Mukai construction: A double cover of x with branch locus a divisor of bidegree (2, 2). 

Our construction: A member X of \2L + 2M\ in the toric variety F with weight data: 

xq xi X2 Ha yi w 

1 1 1 1 L 
1 1 1 M 



and Amp F = {L,L + M) . We have: 

• —Kp — AL + 3M is ample, that is is a Fano variety; 

• X ^2L + 2M is nef; 

• -{Kp + X) r-.2L + M is ample. 

The two constructions coincide: The defining equation of X \s ■up' — f2,2{xo,xi,X2;yo,yi), and so the 
morphism X — > P^ x P^ which sends the point [xq : xi : X2 yo ■ Vi '■ w] of X to the point [xq : xi : X2 ■ yo ■ yi] 
of P^ X P^ exhibits AT as a double cover of P^ x P^ branched over a divisor of bidegree (2, 2). 

The quantum period: Corollary |D . 5 1 yields : 

r m - r-2t V" f2i+m (2/ + 2m)! 

;=o m=o \ J y J \ < J 

and regularizing gives: 

Gxit) = 1 + + 48*^ + 282*'' + 2400*^ + 22020*^ + 184800*^ ^ 1684410t* H- 15798720*^ • • • 
Minkowski period sequence: [74| 

36. 

Mori Mukai name: 2-19 

Mori— Mukai construction: The blow-up of -84 C P'^ with centre a line on it. 
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Our construction: A codiinension-2 complete intersection X of type {L + M) H (L + M) in the toric variety 
F with weight data: 

So Si S2 S3 X X4 X5 



1111-100 L 
111 M 



and AmpF = {L, M). We have: 

• —Kp = 3L + 3M is ample, that is F is a Fano variety; 

• X is the complete intersection of two ample divisors on F; 

• -{Kp + A) i + M is ample. 

The tv^ro constructions coincide: The morphism F that sends (contravariantly) the homogeneous 

co-ordinate functions [a;o, . . . , ^5] to [xsq, . . . , xsa, 2:4, x^] blows up the line {xq = • • • = 0:3 = 0) in P^. Now 
take the proper transform of a containing this line. 

The quantum period: Corollary |D . 5 1 yields : 



CXD 00 



and regularizing gives: 

Gxit) = l + 8f + 30t^ + 2m'^ + 1920t^ + 13490t^ + 121800^^ + 953680t^ + 8465520^^ + • • • 
Minkowski period sequence: 86^ 

37. 

Mori-Mukai name: 2-20 

Mori— Mukai construction: The blow-up of B5 C with centre a twisted cubic on it. 

Our construction: The vanishing locus X of a general section of the vector bundle: 

E= {S*^Op2{l)) ® {det S* M Op2)®^ 

on the key variety F = Gr(2, 5) x P^, where 5* is the universal bundle of subspaces on Gr(2, 5). 

The two constructions coincide: Consider C'^ with basis eo,...,e4. Let M(2,5)^ denote the space of 
2x5 complex matrices of full rank. As is customary we represent a point W in Gr(2, C^) by a matrix: 



\bo Oi 02 63 64/ 



up to the action of GL2{C) from the left. A basis element of gives a section of the rank-2 vector bundle 
S* that evaluates as: 

Consider now the section: 

s = eoxo + eixi + 62X2 G r(Gr(2, 5) x P^; S* H 0(1)) 

Let Y C Gr(2, 5) x P^ be the vanishing locus of s, and let p : F — Gr(2, 5) be the projection. Y consists of 
pairs {W, x) G M(2, 5)^ x P^ such that x = {xq, xi, X2) is a solution of the system: 

Xi 
X2 



that is, p: F — > Gr(2, 5) blows up the locus Z C Gr(2, 5) consisting of those W such that: 



W ■ 



= 
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a,; flj 



In Pliicker coordinates Xij — det ] this is the locus where xqi = X02 = 2^12 = 0. Thus Z is the cubic 

scroll defined by: 



xoi = X02 = a;i2 - and rk f''"^ ""^^ ^"') < 2 



\a;o4 a;i4 X24y 

Intersecting with 3 more hyperplane sections in the Pliicker embedding, we get the blow-up of along a 
twisted cubic. 

Abelianization: Consider Gr(2,5) as the geometric quotient C^'^/GL2(C) where we regard C^*^ as the 
space M{2, 5) of 2 x 5 complex matrices and GL2{C) acts by multiplication on the left. The universal bundle 
5* of subspaces on Gr(2,5) is the bundle on // GL2(C) determined by K,*^, where Vstd is the standard 
representation of GL5(C). Consider the situation as in §3.1 of d with: 

• the space that is denoted by X in set equal to A = C^^, regarded as the space of pairs: 

{(M, w) : M is a 2 X 5 complex matrix, w G C"^ is a vector} 

• G = GL2(C) X acting on A as: 

(5, A) : (Af, w) ^ {gM, \w) 

• r = (C^)^, the diagonal subtorus in G; 

• the group that is denoted by 5 in |8] set equal to the trivial group; 

• V equal to the representation of G given by: 

(y^td ^ V,td) ® (det F,td ^ l^triv)®^ 
where Vtriv is the trivial 1-dimensional representation of C^. 
It is clear that A/JG = F, whereas A//T = x x P^. The Weyl group I^ = Z/2Z permutes the first and 
second factors of the product P"' x P"' x P^. The representation V induces the vector bundle Vg = E over F, 
whereas the representation V induces the vector bundle 

Vt 0(1, 0, 1) e 0(0, 1, 1) ® 0(1, 1, 0)®3 

over A//T. 



The Abelian/non-Abelian correspondence: We proceed exactly as in S34 replacing: 



• p3 X P3 X P3 by P'' X P4 x P2, throughout; 

• equation ( 15 ) by: 



^0 li^O /^O UIZ[' {Pl + kzf YltJl (P2 + kzf Y{l=l (P3 + kzf 



• equation (16) by: 



h h h n':!^ (pi + kzf wtji (p2 + kzf wi-ji (p, +kzf'' 

rifc^i-' (A + Pl + P3 + kz) Uk^l' {X+P2+ P3 + kz) 

• Gr(2,4) X P3 by Gr(2,5) x P^, throughout; 

• equation (17) by: 



g-(2gi+g2)/z 



^_^y^+l..qh+l.qls nt\'-(A+pi +P2 + kz) 
zt^o ^0 it^o mz[' iPi + kzf UIZ[' iP2 + kzf UIZ'^ {P3 + kz) 



EEE 



3 



rifc^i'' (A + Pl + P3 + kz) Uk^l' {X + P2+P3 + kz) X 

(P2 -Pi + {h - h)z) 
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• equation ( 18 ) by: 



{p2-pi)(l+Oiz-')) 



• the conclusion ip(0) = —qi by i^(0) = 0, and equation (19) by: 
Je,vo(0)ur! = 



'(291+92)/^ 



^0 ho ih nlz[' {pi + kzf Hfei'i^ {P2 + kzf YilrJi (P3 + kz) 



Y]^k=i (A + Pi + P3 + kz) nlC;^ (A + P2 + P3 + kz) X 

{P2 -Pi + [h - h)z) 



h+h 



This yields: 



G (t) e-^* V V Vf iy.+^.,^.+^.+ a(^i+^^)0 (^i+^3)!a2 + /3)! . 



where iJfc is the fcth harmonic number. Regularizing gives: 

Gxit) = 1 + 8t^ + 36t^ + 288t^ + 2220t^ + 18260t^ + 154560<^ + 1348480i^ + 11977560^^ + ••• 
Minkowski period sequence: |87| 

38. 

Mori Mukai name: 2-21 

Mori— Mukai construction: The blow-up of a quadric 3-fold Q C with centre a rational normal curve 
of degree 4 on it. 

Our construction: The vanishing locus X of a general section of the vector bundle: 

E= (5*^Op4(l))®^© (detS'*KC'p4) 

on the key variety F — Gr(2. 4) x P'', where S is the universal bundle of subspaces on Gr(2, 4). 

The two constructions coincide: Consider with basis eo,...,e3. Let M(2,4)^ denote the space of 
2x4 complex matrices of full rank, and represent a point W in Gr(2,C'*) by: 



W 



e A/(2,4)' 



ao ai a2 
^bo bi 62 63^ 

up to the action of GL2(C) from the left. A basis element e^, < i < 3, of C*^ gives a section of the rank-2 
vector bundle S* that evaluates as: 

Let Xq, . . . ,X4 be homogeneous coordinates on P^, and consider the two sections: 

si = eoxo + eixi + €2X2 + 63X3, S2 = eoxi + €1X2 + £2^^ + 63X4 

in r(Gr(2,4) x P''; S* M 0(1)). Let Y C Gr(2,4) x P^ denote the locus on which si, S2 both vanish, and let 
p: y -> Gr(2,4), g: y — > P^ denote the projections to the two factors of Gr(2,4) x P"*. The locus Y consists 
of pairs {W,x) G Af(2,4)^ x P'' such that: 

fxo xA 



W C Ker 



Xi X2 

X2 a;3 

\X3. X4 j 
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It follows that q: F ^ blows up the locus Z given by the condition: 

rk ('^" ^1 ^2 ^ 2 



that is, the rational normal curve. Intersecting with p*(H), where H e | detS*"^!, gives the proper transform 
of a quadric 3-fold containing Z. 

Abelianization: Consider Gr(2,4) as the geometric quotient //GL2{C) where we regard as the space 
M(2,4)x of 2 X 4 complex matrices and GL2{C) acts by multiplication on the left. The universal bundle 
S of subspaces on Gr(2,4) is the bundle on C^// GL2(C) determined by V^^, where Vstd is the standard 
representation of GL2(C). Consider the situation as in §3.1 of |8 with: 

• the space that is denoted by X in [s] set equal to A = C^^, regarded as the space of pairs: 

{{M, w) : Af is a 2 X 4 complex matrix, w G is a vector} 

• G ^ GL2(C) X acting on A as: 

(.9, A): (M,w) ^ {gM,Xw) 

• T — (C^)^, the diagonal subtorus in G; 

• the group that is denoted by S" in ^ set equal to the trivial group; 

• V equal to the representation of G = GL2(C) x given by 

{Vstd ^ Vstdf^ © (det V;td ^ Hriv) 
where Vtriv is the trivial 1-dimensional representation of C^. 
It is clear that A//G = F, whereas A//T x P-'' x P^. The Weyl group I^ = Z/2Z permutes the first and 
second factors of the product P'^ x P'^ x P"*. The representation V induces the vector bundle Vg — E over F, 
whereas the representation V induces the vector bundle: 

Vt = C(l, 0, 1)®2 © 0(0, 1, 1)®2 © 0(1^ 1^ 0) 

over A//T = P^ x P^ x P^. 



The Abelian/non-Abelian correspondence: Again we proceed as in ^34 replacing: 
, p3 X p3 X p3 by P3 X P3 X P-*, throughout; 

• equation ( 15 ) by: 

• equation ( 16 ) by: 



EEE 



X 



;t^o ,f^o /f^o n::;^ (pi + kzy n::;^ (P2 + kzy n::r (P3 + kzf 

Y^k=i (A + Pl + P3 + kzf rifci'' (A + P2 + P3 + kz 

• Gr(2,4) X P3 by Gr(2,4) x P^, throughout; 

• equation (17) by: 



Je,Vo(<^(0))Uf) 



"(2gi+g2)/2 ^ ^ ^ V 9l 92 11/0=1 + Pl + P2 + ) 



% ,f^o ;t^o n::;^ (pi + kz)^ ira + kz)^ ira (ps + kzf 

Itk=i (A + Pl + P3 + kzf (A + P2 + P3 + kzfx 

{p2 -Pi + ih - h)z) 



• equation (18) by: 

(p2-pi)(l-2qi^-l + 0(z-2)) 
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• the conclusion ip(0) = — qi by i^(0) — ~2qi, and equation (19 I by 
Je,VG(0)ur! = 

-q2/z \^ \^ \^ 



» » - (-iyi+S^^+S^^nt'-i^(A+Pi+P2 + fcz) 



Zi=o i2=o ;3=o 
This yields: 

oo CXD CXD 

Gx{t) ^e-*J2J2 5](-l)'^+'^i'^+'^+'^- 
ii=a i2=o h=o 



Uk=l" (A + Pi + P3 + kzr Uk^l' (A + P2 + P3 + kz)^x 

{P2 -Pi + {h - h)z) 



X 



where Hk is the fcth harmonic number. Regularizing gives: 

Gxit) = 1 + 8t^ + 24t^ + 2m'^ + lUOt^ + 11960^*^ + 89040t^ + 731920t^ + 5913600*^ + ••• 
Minkowski period sequence: |84| 

39. 

Mori Mukai name: 2-22 

Mori— Mukai construction: The blow-up of C with centre a conic on it. 

Our construction: A complete intersection X of type in Mn Mn A/ in the flag manifold Fl = Fl(l, 2; C^), 
where p: Fl — >■ and q: Fl — >■ Gr = Gr(2,5) are the natural projections, L = ^5*0(1), M = q* dctS*, and 
S is the universal bundle of subspaces on Gr. 

The two constructions coincide: Note that Fl = P{S) is the projectivization of the universal bundle S 
of subspaces on Gr. On Fl we have a natural surjection of vector bundles: 

q*S* L inducing i7''(Fl, q*S*) ^ i/°(Fl, L) 

Let s € ff°(Fl, i) be a general section and Y be the locus (s = 0) C Fl. It is clear that q: Y Gi blows 
up Z = (s = 0) C Gr where s "is" s, now thought of as an element of _ff°(Gr, S*). We are done as Z = Zi i 
maps to a quadric under the Pliicker embedding. 

Abelianization: Consider the situation as in §3.1 of with: 

• the space that is denoted by X in [s] set equal to A — C^^, regarded as the space of pairs: 

{{v,w) : V £ is a row vector, w is a 2 x 5 complex matrix} 

• G = C X GL2(C), acting on A as: 

(A, 5): {v,w) i-> {Xvg~'^,gw) 

• T — (C^)'^ , the diagonal subtorus in G; 

• the group that is denoted by S" in ^ set equal to the trivial group; 

• V equal to the representation of G given by the direct sum of one copy of the standard representation 
of the first factor and three copies of the determinant of the standard representation of the second 
factor GL2(C). 

Then A//G is the flag manifold Fl ~ Fl(l, 2; C^), whereas A//T is the toric variety with weight data: 

111110 0-1 Li 
0000011111 -1 L2 
0000000000 1 1 H 



and Amp = {Li,L2,H); that is, A//T is the projective bundle P(e'(-1,0) ® 0(0,-1)) over P^ x P^. The 
non-trivial element of the Weyl group W = Z/2Z exchanges the two factors of P'' x P"'. The representation 
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V induces the vector bundle Vg = L(B M®^ over A//G ^ Fl, whereas the representation V induces the vector 
bundle Vt = H®{Li+ La)®^ over A//T. 

The Abelian/non-Abelian correspondence. Let pi, p2, and ps S H'^{A//T;Q) denote the first Chern 
classes of the line bundles Li, L2, and H respectively. We fix a lift of H*{A//G;Q) to H*{A//T,Q)^ in 
the sense of ^ §3]; there are many possible choices for such a lift, and the precise choice made will be 
unimportant in what follows. The lift allows us to regard H* {A//G;Q) as a subspace of H* {A//T,Q)^ , 
which maps isomorphically to the Weyl-anti-invariant part H*{A//T,Q)°' of H*{A//T,Q) via: 



H'iA//T,i 



U(p2-Pl) 



H'{A//T, 



We compute the quantum period of X by computing the J- function oi Fl = A//G twisted 15 by the Euler 
class and the bundle Vg, using the Abelian/non-Abehan correspondence [s]. 

Our first step is to compute the J- function oi A//T twisted by the Euler class and the bundle Vt- As 
in [D.l and as in [s], consider the bundles Vt and Vg equipped with the canonical -action that rotates 
fibers and acts trivially on the base. We will compute the twisted J-function Je.Vr of ^//"^ using the 
Quantum Lefschetz theorem; Jg.Vr ^as defined in equation ^ above, and is the restriction to the locus 
T e H°{A//T) ® H'^{A//T) of what was denoted by Jy^^''' (t) in |8 . The toric variety A//T is Fano, so 
Theorem |C.1| gives: 



JA/fTir) = e 



t/z 



QlQ2^Q: 



,n iri mT2 „mr3 



n 



fc=0 



,P3~Pi + kz 00 + kz 



oUtJiiPi 



l,m.n> 



nk—n~l 
k=-ooP3 



Pi 



P3-P2 + 



kz 



where r = Tipi + T2P2 + t'sPs and we have identified the group ring Q\H2{A//T]2,)\ with Q[Qi,Q2,Q3\ via 
the Q-linear map that sends Ql^ to Q^'^'^Qf '^'^Qf '^-'^ The hne bundles Li, L2, and H are nef, and 
ci{A//T) — ci(Vt) is ample, so Theorem D.3 gives: 



E 

/ ,m,n>0 



nfe:r(A +P3 + kz) Hfeii-'^CA +Pi +P2 + kzf 



n 



k=l I 



-Pi +fcz rifci-oc 



, P3 - P2 + 



kz 



Consider now F — AjjG — F\ and a point i e H*{F). Recall that Fl = V{S) is the projectivization of the 
universal bundle S of subspaces on Gr. Let ei S H'^{F;Q) be the pullback to F (under the projection map 
q: Fl — >• Gr) of the ample generator of i?^(Gr), and let £2 G H'^{F;Q) be the first Chern class of Op(s)(l). 

Identify the group ring Q[H2{F;Z)] with Q[gi,g2] via the 



-linear map which sends to qf''^^^'^''^^^- In 



§6.1] the authors consider the lift Jy^"' (i) of their twisted J-function Jy^"' (t) determined by a choice 



of lift H'{A//G]Q) H'{A//T,Q)^. We restrict to the locus t e H"{A//G]Q) ffi i72(A//G;Q), considering 
the lift: 

Je,Vo W ^vo''' W ^ e i^"(^//G;Q) H\A//G;q) 

of our twisted J-function Je,VG determined by our choice of lift H* {A//G;Q) — > H'{A//T, 
rems 4.1.1 and 6.1.2 in |8 imply that: 



Theo- 



l=Q2 = -9l,Q3 = 92 
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for soni(|^ function Lp : H^{A//G]Q) H*{A//G;Ag). Setting t = gives: 
Je,VG(v'(0))u(p2-pi) = 



.-92^ ( 1 ^^+m„^+m „„ nLi(^ +P3 + kz) nLi"^"'(A +Pi +P2 + kz) 

/.m,n>0 



mz[(j^i+kzrmzT{P2+kzr 



k=n-l , , rTfe="-m , , ip2-pi + im-l)z) 



fc=-oo P3 - Pi + kz llfe^-oo P3 - P2 + fc^ 

For symmetry reasons the right-hand side here is divisible by p2 — Pi ; it takes the form: 

(p2-pi)(l+9l^~'+0(z-2)) 

whereas: 

Je.Vo(<^(0)) U (P2 - Pi) = (P2 -Pl)(l + >fiiO)z-^ + 0(z-2)) 

We conclude that 1^9(0) = qi and hence, via the String Equation, that: 
Thus: 

(20) Je.VG(0)U(p2-pi) = 

^-{qi+q2)/z ( lY+rn l+rn n Ilfc^l + PS + kz) Hfe^l'^^CA + Pi + P2 + kzf 

,i;r>o n^:i(pi+M^nt:r(P2+M^ 



nfe=-ooP3-Pl+fc2 nfc=-ooP3-P2 + fc2 
nfe=-oo P3 - Pi + llfe^-oo P3 - P2 + fc2 



00 00 



We saw in Example D.8 how to extract the quantum period Gx from the twisted J-function Jeyf^iO): we 
take the non-equivariant limit, extract the component along the unit class 1 G H* {A//G;Q), set z = 1, and 
set = Thus we consider the right-hand side of (20), take the non-equivariant limit, extract the 

coefficient of p2 — pi, set z — 1, and set qi = q2 = t, obtaining: 

(;!)5(m!)5(n-0!("- m) 

^ > (Z!)5(TO!)5(n-0!(n-m)! 

: v\ .y+» "!((^ + "^)0^("^-0("^-'^- 1)! 



1^ (-L\ _ -2tY^Y^ \ " n\{{l + to)!)'^ 



/=0 m=0 n=max(i,m) 

00 00 00 ,,,, , ^,^3, 



i=0 m=0 n=l \ / \ I \ I 

Regularizing yields: 

Gx(i) = 1 + + 24*3 _^ ^33^4 _^ ^ggQ^s _^ 5540^6 59400^7 + 362250** + 2713200*^ 
Minkovirski period sequence: |69| 



40. 



Mori Mukai name: 2-23 



Mori— Mukai construction: The blow-up of a quadric 3-fold Q C with centre an intersection of ^ e 
|Oq(1)| and B e \Oq{2)\ such that: 

(a) ^ is nonsingular; 

(b) A is singular. 

^^In fact the mirror map i p tak es values in H'^ (A// G; Kq) © (A//G; Aq). This follows from homogeneity considerations, 
as in the proof of Proposition D.2 We will see explicitly that f{0) £ © H^. 
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Our construction: A codimension-2 complete intersection X of type (L + M) D (2L) in the toric variety F 
with weight data: 

So Si S2 S3 S4 X X5 



11111-10 L 
1 1 M 



and AmpF = {L, M). We have: 

• —Kp = 4L + 2M is ample, that is F is a Fano variety; 

• X is the intersection of two nef divisors on F] 

• -{Kp + A) i + M is ample. 



The two constructions coincide: Apply Lemma E.l with V = Oq{—1)®Oq, W — Oq{\), and f : V ^ W 
given by the matrix (S A). This exhibits X as a member of |7r*VF(l)| on P{V), or in other words as a 
complete intersection of type {L + M) D (2L) on the toric variety F. 

The quantum period: Corollary |D . 5 1 yields : 

^ ' ^ ^ (ll)5(m - ly.ml 

1=0 m=l V / V ^ 

and regularizing gives: 

Gxit) = l + 8f + + 216t^ + 720i^ + 8540t^ + 42000t^ + 410200t^ + 2503200i^ + • • • 
Minkowski period sequence: |78| 

41. 

Mori-Mukai name: 2-24 

Mori— Mukai construction: A divisor of bidegree (1, 2) on x P^. 

Our construction: A member AT of |L + 2M| in the toric variety F — P"^ x P^. 

The two constructions coincide: Obvious. 

The quantum period: The toric variety F has weight data: 

1 1 1 L 
1 1 1 M 



00 00 



and AmpF = {L, M). We have: 

• F is a Fano variety; 

• X ^ L + 2M is ample; 

• -{Kp + X) 2L + M is ample. 
Corollary |D.5| yields: 

,2i+m a + 2m)! 

;=o m=0 \ J \ I 

and regularizing gives: 

Gxit) = 1 + 4*2 + 24*3 ^ ^32^4 ^ 7gQ^5 _^ 5gQQ^6 _^ 49320*^ + 283780i* + 2105880t^ + ••• 
Minkowski period sequence: |44j 

42. 

Mori— Mukai name: 2-25 

Mori-Mukai construction: The blow up of P^ with centre an elliptic curve that is an intersection of two 
quadrics. 

Our construction: A member AT of |L + 2M| in the toric variety F — P^ y. P^. 
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The two constructions coincide: Apply Lemma E.l with V = Opa © Op3, W = Ops (2), and f : V W 
the map given by the two quadrics that define the elhptic curve. 

The quantum period: The toric variety F has weight data: 

1 1 L 
1111 M 



and AmpF = {L, M). We have: 

• F is a Fano variety; 

• X ^ L + 2M is ample; 

• ~{Kf + X) ^ L + 2M is ample. 
Corollary D.5 yields: 

4+2m jl + 2m)! 



oo oo 



(n)2(m!)4 

i=0 m=0 \ I \ I 



and regularizing gives: 

Gx{t) = 1 + + 24t3 + 60t* + 720^^ + 3640*'^ + 21840i^ + 175420t® + 1024800i^ + ••• 
Minkowski period sequence: [43| 

43. 

Mori Mukai name: 2-26 

Mori— Mukai construction: The blow-up of C with centre a line on it. 

Our construction: Let S be the universal bundle of subspaces over Gr = Gr(2, 4), and let E be the rank-3 
vector bundle i? = C © 5* on Gr. Let q: P(£') Gr denote the projection. Then X is the vanishing locus 
of a general section of: 

det ^'^ © ((q* det 5-^) ® Op(B) (1))®^ 

on the key variety F = P(i?). 

The two constructions coincide: Write F = with basis eo, . . . , 64, and write = y/Ceo. Consider 
Gr as the Grassmannian of two-dimensional subspaces of this C*. There is an exact sequence: 

^ T ^ q*E* C'p(£;)(l) ^ 

on F = P(£'), where T is a rank-2 vector bundle. 

First we construct a morphism p: F ^ Gr(2,F) = Gr(2,C^). Let U denote the universal bundle of 
subspaces on Gr(2, 5). The morphism p arises, by the universal property of Gr(2,C^), from the inclusion: 

T c q*E* C © g*5 c C © q*<C^ = Ceo © = 

i.e. there is a unique p: F ^ Gr(2, C^) such that S = p*U . 

Next we claim that the morphism p: F ^ Gr(2, 5) that we just constructed is the blow-up of Gr(2,5) 
along the locus 

Z = {W^2 C I eo e W2} 

of two-dimensional vector subspaces that contain eo. Denote by tt: — )• C'^/Ceo the natural projection. 
Indeed for W2 G Gr(2, 5) either: 

• eo ^ W2, in which case ■k{W2) = V2 C C"* is a 2-dimensional subspace and p is an isomorphism above 
W2, or 

• eo G W2, in which case t:{W2) is a 1-dimensional subspace and 

q{p'^W2) = {V2 e Gr(2,4) | Tr{W2) C V2} 



50 



COATES, CORTI, GALKIN, AND KASPRZYK 



The statement follows easily from the claim just shown. Indeed, on the one hand Z = and the 
Pliicker embedding of Gr(2, 5) embeds Z linearly in P^. In other words, p: F Gi'(2, 5) is the blow up of 
Gr(2, 5) C along a P^ C Gr(2, 5). On the other hand, the rational map 

qp-^: Gr(2,5) Gr(2,4) C P^ 

where Gr(2,4) C P^ is the Pliicker embedding of Gr(2,4), is the map corresponding to the linear system of 
hyperplane sections of Gr(2, 5) C P^, in its Pliicker embedding, that contain Z. 

In other words, let now Y C Gr(2,4) be a general hyperplane section, and Hi,H2 C Gr(2,5) be two 
general hyperplane sections of Gr(2, 5), then 

p: q-\Y)np-\HinH2)^pq-\Y)nHinH2 
is the blow-up of B5 = pq~'^{Y) n iJi n i?2 C Gr(2, 5) along the line Z n B5. 

Abelianization: Consider the situation as in §3.1 of |8 with: 

• the space that is denoted by X in [s] set equal to yl = C^^, regarded as the space of pairs: 

{(w, w) : ti is a 2 X 4 complex matrix, w e C"^ is a column vector} 

• G = GL2(C) X C*, acting on A as: 

{g, A) : {v, w) 1^ {gv, Xp{g)w) 

where GL2{C) acts by left multiplication on M{2, 4) and p — pstd ® is the direct sum of a copy of 
the standard representation of 6*^2 (C) and a copy of the trivial representation. 

• T = (C^)^, the diagonal subtorus in G; 

• the group that is denoted by S" in ^ set equal to the trivial group; 

• V equal to the representation of G given by: 

V' ffi (X3 <^ V")®^ 

where: ip: G — >■ is det pstd on the first factor and trivial on the second factor; whereas X3- G ^ 

is trivial on the first factor and the identity on the second factor. 
Then A//G is the key variety F — P{E) introduced above (this follows from Lemma E.2), whereas A//T is 
the toric variety with weight data: 

11110000100 Li 
00001111010 L2 
00000000111 L3 

and Amp = {Li, L2, Li + L2 + L3); that is, A//T is the projective bundle P(0(-1, 0)® 0(0, -1)®0(-1, -1)) 
over P'^ xP-^. The Weyl group W = Z/2Z exchanges the first and second factors of P'^ xP'^, that is, it exchanges 
the first set of four co-ordinates with the second set of four coordinates in the table giving the weight data. 

The representation V induces the vector bundle q* det S* ® I {q* det S'*)(l) 1 over A//G — F, whereas the 
representation V induces the vector bundle 

{Li + L2) ® {Li + L2 + Lj)®"^ 

on A//T. 

The Abelian/non-Abelian correspondence: Let pi, p2, and p^ G H'^{A//T;Q) denote the first Chern 
classes of the line bundles Li, L2, and Li<SiL2<S)L3 respectively. We fix a lift of H*{A//G; Q) to H'{A//T, Q)^ 
in the sense of [Sj §3]; as before there are many possible choices for such a lift, and the precise choice made will 
be unimportant in what follows. The lift allows us to regard H' {A//G;Q) as a subspace of H* {A//T,Q)^ , 
which maps isomorphically to the Weyl-anti-invariant part H*{A//T,Q)°- of H*{A//T,Q) via: 

H'{A//T,Q)^ u(P2-Pi) ^ H'{A//T,'^Y 



We compute the quantum period of X by computing the J- function oiY\ — Aj/G twisted 15 by the Euler 
class and the bundle Vq, using the Abelian/non-Abelian correspondence |8 . 

We begin by computing the J- function of A//T twisted by the Euler class and the bundle Vt- Consider 
the bundles Vt and Vg equipped with the canonical -action that rotates fibers and acts trivially on the 
base. We will compute the twisted J-function Je.Vt of using the Quantum Lefschetz theorem; Je,VT 
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was defined in equation (l6| above, and is the restriction to the locus t G H^{A //T) © H'^{A//T) of what was 
denoted by Jy^"'"' (t) inp). The toric variety A//T is Fano, so Theorem C.l 

*;=0 



Ja//t{t) 



E 

/,m,n> 



n 



A; — — cxD 



P3-P2 



gives: 

kz 



k—n—r 



nk=0 
k=-ooP3 



-pi + kz nL-< 



,P3 - Pi - P2 + kz 



nk—n—l I 7 T— r/c— "n— ^— ■JTi I 7 



2(A//r;Z)] with 



,Q2,Qz] via 



ifc— — 00 

where r = Tipi + T2P2 + TaPs and we have identified the group ring 

the Q-hnear map that sends Ql^ to q[^'''^^ q!^'^^'' Qf'^^\ The fine bundles Li + L2, and Li (Ki L2 «) L3 are 
nef, and Ci{A//T) — ci(Vt) is ample, so Theorem D.3 gives: 

f (A + P1 +p.2 + kz) n':" (A +P3 + kz)^ 



n 



ntz[iPi + kz)''UlZTiP2 + kz) 



k—rn I 



Lm,n>0 



,P3-P2 



nk—n—'m 
k=-oo P3 - P2 



kz nL-oo P3-P1 + kz nL° , 

, -f-rk—n—l 

-kzUk=-ooP3 



,P3-Pi-P2 + kz 

kzUk=-oo P3-Pl-P2+kz 



lfc=-oo re - ^^2 -r '^'^ 1 lfe=-oo re - Pi 

Consider now F = A//G = ¥{E) and a point < e H*{F). Let ei G H'^{F;Q) be the puUback to F (under 
the projection map q: V{E) -J> Gr(2,4)) of the ample generator of H^{Gt{2,A)), and let £2 € H^iF^Q) be 
the first Chern class of (g*det5'*) (g) Op(£)(l). Identify the group ring Q[H2{F;Z)] with Q[(7i,(?2] via the 

Q-linear map which sends to q[^''^^'' q^^''^^'' ■ In [sl §6.1] the authors consider the lift J^^^ (t) of their 
twisted J-function J^^^' it) determined by a choice of lift H'{A//G;Q) H'{A//T,Q)^ . We restrict to 
the locus t e H°{A//G:Q) H^{A//G;Q), considering the lift: 

Je,Vo W := Jvf^ it) t e H^{AI/G-Q) ® H\A//G-M) 

of our twisted J-function Je,VG determined by our choice of lift H* {A//G;Q) H'{A//T, 
rems 4.1.1 and 6.1.2 in |8 imply that: 



Theo- 



9 



a ■ 

' dri , 



Z^)Je,VT,{T) 



T=t,Qi=Q2 = -qi,Q3=q2 



Jeyai'Pi*)) U (P2 -Pl) = [{zo:p^ 

for som(|i2] function ip: H^{A//G:Q) H*{A//G: Ka//g)- Setting t = gives: 
Je,vo(<^(0))u(p2-Pi) = 

g-92/2 ^ ( l)'+"g^+'"g^' nfc^'i^''"(A + Pi + P2 + kz) rifcli (A + P3 + fc^:)^ . 



/,m,n>0 



n 



A; — — 00 



nfc=i(pi+M^n'=r(P2+M^ 

P3-P2 + fcz rife^-ooPS-Pl+fc^ rife^-oo 



P3 - Pi - P2 + kz 



The left-hand side here takes the form: 



P3 -P2 + kz 



-I ,7 -\-rk — 7l — l — 7n , 7 

^P3-Pi + kzl[^^_^ P3-pi-P2 + kz 



(P2 - Pi + (m - l)z) 



(p2-pi)(l + ^(0)z-i + O(z-2)) 



whereas the right-hand side is: 



^•^As in Theorem 



F.l 



(p2-pl)(l + 0(z-2)) 
and footnote 10 the map ip is grading preserving and satisfies (p = id modulo 91, 92- 
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and therefore 1^9(0) = 0. Thus: 

(21) Je,VG(0)U(p2-pi) = 



e 



-92^ I 1 ^^+m J+ra „» IlLl^"' ( A + Pi + P2 + fc^) DLi + P3 + fc^ 

l.m,n>0 



fe=-oo P3-P2+ kz Uk = ^^ P3-P1+ kz Uk^-oo P3-P1-P2+ kz 

(P2 - Pi + (m - l)z) 



We saw in Example D.8 how to extract the quantum period Gx from the twisted J-function JeyQ^O)' 
we take the non-equivariant hmit A — 0, extract the component along the unit class 1 £ H* {A//G;Q), set 
z — 1, and set = i{P~Kx) _ xhus we consider the right-hand side of (21), take the non-equivariant limit, 
extract the coefficient of p2 — Pi, set z — 1, set qi = t, and set q2 ~ t. This yields: 



[n — I 

(l + (m-0(ffn-,„-4H„0) 



Gxit) e ( ^ (Z!)4(TO!)4(n_m)!(n-/)!(n-?-TO)! 



where Hk is the fcth harmonic number. Regularizing gives: 

Gx(t) = 1 + + 12t'^ + 114t'' + 540t^ + 3480t^ + 22680i^ + 137970i® -I- 978600t^ -h • • • 
Minkowski period sequence: |58| 

44. 

Mori Mukai name: 2-27 

Mori— Mukai construction: The blow up of P"^ with centre a twisted cubic. 

Our construction: A codimension-2 complete intersection X of type (L + Af) n (L + A/) in the toric variety 

The two constructions coincide: The twisted cubic in P'^ with co-ordinates Xq: a^i, 2^2, 2:3 is given by the 
condition: 

rkh ^1 "^U2 



Applying Lemma 



E.l 



with V ^0®^,W ^ Ops (1)®^ and the map f : V W given by ) , we 

\Xi X2 x^ J 

see that X is cut out of P(y) by a section of ■n*W ® C'p(£;)(l). In other words, AT is a complete intersection 
in P3 X p2 of type (L -h M) n (L -h M). 

The quantum period: The toric variety F has weight data: 

1111000 L 
1 1 1 M 



and AmpF = (L, M). We have that: 

• F is a Fano variety; 

• AT is the intersection of two ample divisors on F\ 

• -{Kf + A) ^ 2L + M is ample. 
Corollary |D.5| yields: 

Gx{t)-e l^l^t 

1=0 m=0 \ J \ ) 

and regularizing gives: 

Gx{t) = l + 2t^ + 18t^ + sot" + 240t^ + 1730t^ + 5880<^ + 41230*® + 262080t^ 
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Minkowski period sequence: [19] 

45. 

Mori Mukai name: 2-28 

Mori— Mukai construction: The blow-up of P^^ with centre a plane cubic. 

Our construction: A member X of |L + A/| in the toric variety F with weight data: 

So si S2 S3, X y 

1111-20 L 
1 1 M 



and AmpF = (L, M). We have: 

• —Kp = 2L + 2M is ample, that is is a Fano variety; 

• X ^ L + M is ample; 

• -{Kp + X) L + M is ample. 

The two constructions coincide: Suppose that the centre of the blow-up is defined by the simultaneous 



vanishing of A and B, where A is a member of Ops (3) and i? is a member of Op3(l). Apply Lemma E.l with 
V = Op3 (-2) ® Op3 , ly = Op3 (1), and the map f : V W given by (A B) . 

The quantum period: Corollary |D . 5 1 yields : 



oo oo 



Gx{t) = ^ 



i=0 m=2l 



(n)4(m-20!m! 



and regularizing gives: 

Gx{t) = 1 + + + 1350^^ + 3780i^ + 2520t^ + 141120^^ + ■■■ 
Minkowski period sequence: ^ 

46. 

Mori Mukai name: 2 29 

Mori— Mukai construction: The blow-up of a quadric 3-fold Q C P"^ with centre a conic on it. 
Our construction: A member X of \2M\ in the toric variety F with weight data: 

So Si X X2 Xz Xi 



1 1 -1 L 
1 1 1 1 M 



and AmpF = {L, M). We have: 

• —Kp = L + AM is ample, that is F is a Fano variety; 

• X ^ 2M is nef and big; 

• -{Kp + X) - L + 2M is ample. 

The two constructions coincide: The morphism — > P^ that sends (contravariantly) the homogeneous 
co-ordinate functions [xo, . . . , 2:4] to [xsQ,xsi,X2,X3,Xi\ blows up the plane (xo = xi = Q) in P"*. Thus a 
generic member of \2M\ on F is the blow-up of a quadric 3- fold with centre a conic on it. 



The quantum period: Corollary |D . 5 1 yields : 



00 00 



(2m)! 



\ " \ ^ J+2m 

(/!)2(m-0!(m!)3 



i=0 m=/ 

and regularizing gives: 

Gxit) 1 + 4t2 + 12^3 + 36^* + 360t^ + 940^*^ -f- 8400t^ + 38500t® + 210000i^ 



Minkowski period sequence: 35 
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47. 

Mori Mukai name: 2-30 

Mori— Mukai construction: The blow-up of with centre a conic. 
Our construction: A member X oi \L + M\ in the toric variety F with weight data: 

So si S2 S3 2; X4 



1111-10 L 
1 1 M 



and AmpF = {L, M). We have: 

• —Kp = 3L + 2M is ample, that is is a Fano variety; 

• X ^ L + M \s ample; 

• -{Kp + X) r^2L + M \s ample. 

The two constructions coincide: Suppose that the centre of the blow-up is defined by the simultaneous 
vanishing of A and where A is a member of Ops (2) and i? is a member of C'p3(l). Apply Lemma E.l with 
V = Op3 (-1) Opa , ly = Opa (1), and the map f : V W given by {A B) . 

The quantum period: Corollary |D . 5 1 yields : 

00 00 

{l\Y{m-l)\m\ 



(1 \ \\ 



and regularizing gives: 

Gx{t) = 1 -I- I2t^ + 2At^ + 5A0t^ + 2520f + 2b20f + 33600f^ + ■■■ 
Minkowski period sequence: |4] 

48. 

Mori Mukai name: 2-31 

Mori— Mukai construction: The blow-up of a quadric 3-fold Q CF* with centre a line on it. 
Our construction: A member AT of |L + Af| in the toric variety F with weight data: 



So 


Sl 


S2 


X 


X3 






1 


1 


1 


-1 








L 











1 


1 


1 


M 



and AmpF = {L, M). We have: 

• —Kp — 2L + 3M is ample, that is F is a Fano variety; 

• X ^ L + AI is ample; 

• -{Kp + X) L + 2M is ample. 

The two constructions coincide: The morphism F ^ P'^ that sends (contravariantly) the homogeneous 
co-ordinate functions [a;o, • ■ ■ , 2:4] to [xsq, xsi, xs2, 2^3, X4] blows up the line (a;o — xi = X2 — 0) in P*, and X 
is the proper transform of a quadric containing this line. 



The quantum period: Corollary |D . 5 1 yields : 



J+2rn jl + my. 



'^^^^^ (/!)3(m-/)!(m!)2 
and regularizing gives: 

Gxit) = 1 + 2<2 + 12<3 + 6t^ + 180t^ + 560t^ + 1680t^ + 16870i^ + 46200f 
Minkowski period sequence: [15] 
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49. 



Mori Mukai name: 2-32 

Mori— Mukai construction: The divisor W of bidegree (1, 1) on x P^. 
Our construction: A member X oi \L + M\ on the toric variety F = P'^ x 
The two constructions coincide: Obvious. 
The quantum period: The toric variety F has weight data: 

1 1 1 L 
1 1 1 M 



and AmpF = {L, M). We have that: 

• F is a Fano variety; 

• X ^ L + M IS ample; 

• -{Kf + X) - 2L + 2M is ample. 
Corollary |D.5| yields: 



and regularizing gives: 

Gxit) = 1 + 4<2 + m* + lUOt^ + 24220t** + 567504^^° + 
Minkowski period sequence: (24| 

50. 

Mori Mukai name: 2 33 

Mori— Mukai construction: The blow-up of P"^ with centre a line. 
Our construction: The toric Fano variety X with weight data: 

So Si X X2 X3 



1 1 -1 L 
1 1 1 M 



and AmpX = {L,M). 

The two constructions coincide: The blow-up X sends (contravariantly) the homogeneous co- 

ordinate functions [xq, Xi^ X2, X3] to [xSq, XSi, X2t X^]. 

The quantum period: Corollary |C . 2| yields: 

'^x{t) = ^Y1 (n)2(m-n!(m!)2 

Z=0 m=l ^ ' ^ I \ I 

and regularizing gives: 

Gx{t) = l + U^ + + 90^6 + 1260t^ + 2520i*^ + 1680t^ + ■■■ 
Minkowski period sequence: |2| 



51. 



Mori Mukai name: 2-34 

Mori— Mukai construction: P^ x P^ 

Our construction: P^ x P^ 

The two constructions coincide: Obvious. 
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The quantum period: X = x is the toric Fano variety with weight data: 

1 1 L 
111 M 



and AmpX = {L,M). Corollary C.2 yields: 

and regularizing gives: 

Gx{t) = 1 + + et^ + 6t'* + 120t^ + llOi^ + 1260t^ + SllOt** + 11760^^ + • • • 
Minkowski period sequence: [TO] 

52. 

Mori Mukai name: 2-35 

Mori— Mukai construction: By, the blow-up of P'^ at a point; equivalently, the P^-bundle P(C' + C(l)) 
over P^. 

Our construction: The toric Fano variety X with weight data: 

So si S2 X 



1 1 1 -1 L 
1 1 M 



and AmpX = (L,M). 

The two constructions coincide: The blow-up X — > P'^ sends (contravariantly) the homogeneous co- 
ordinate functions [xq, xi, a::2, X3] to [xsq, xsi, XS2, xa]. 

The quantum period: Corollary |C . 2| yields: 
and regularizing gives: 

Gx{t) = 1 2i2 -I- 30^"* -I- 380t^ -I- 5950i^ + 101052^^° + • • • 
Minkowski period sequence: jTj 

53. 

Mori Mukai name: 2-36 

Mori— Mukai construction: The blow-up of the Veronese cone W4 C P^ with centre the vertex; equiva- 
lently, the Pi-bundle P(0 © 0(2)) over P^. 

Our construction: The toric Fano variety X with weight data: 

So si S2 X y 

1 1 1-2 L 
1 1 M 



and AmpF = {L,M). 

The two constructions coincide: Obvious. 
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The quantum period: Corollary |C . 2| yields: 



°° °° d+2m 



t 

1=0 m=2l 



and regularizing gives: 

Gx{t) = l + 2t^ + 6t^ + 60t^ + 20t^ + 840t^ + 70t** + 7560i^ + • • • 
Minkowski period sequence: 6^ 

54. 

Mori Mukai name: 3-1 

Mori— Mukai construction: A double cover of x x P^ branched along a divisor of tridegree (2, 2, 2). 

Our construction: A member X of |2L + 2M + 2N\ in the toric variety F with weight data: 

2^0 xi 2/0 yi Zq Zl w 

1 1 1 L 
1 1 1 M 
1 1 1 N 



and AmpF = {L,M,L + M + N). The secondary fan for F has three maximal cones; the corresponding 
three toric varieties are isomorphic. It is easy to see that AmpX = {L, M, N). We have: 

• —Kp — 3(L + M + N) is nef and big but not ample; 

• X ^ 2{L + M + N) is nef and big but not ample; 

• ~{Kp + X) ^ L + M + N is nef and big but not ample. 

The two constructions coincide: Consider the equation w'^ = f{xo, xi, yo, yi,zo, zi) where / is a generic 
polynomial of degree 2 in xq and xi, degree 2 in yo and j/i, and degree 2 in zq, zi. 

The quantum period: Let pi, P2,P3 G H'{F; Z) denote the first Chern classes of L, M, and L M N 
respectively; these classes form a basis for H^{F;Z). Write r G H^{F;Q) as t = Tipi + T2P2 + T3P3 and 
identify the group ring Q[H2{F; Z)] with the polynomial ring Q[Qi, Q2, Q3] via the Q- linear map that sends 
the element Ql^ e Q[H2{F;Z)] to Qf '^'^^Qf '"^^Qf '^^^ We have: 

QiQ2"Q3e'"^e"^^e""^ IlL-ooba - Pi - P2 + kzf 



/,m,Ti>0 
.-1 



= 1+TZ-' +0{Z- 

Theorem |C.1| gives: 



and hence: 



Jf{t) = Ip{t) 
QiQ^Qse'^^e^'^e""" YlHii^ + 2p3 + kz) 

i,t:>o ni=i(pi + kzY nr=ib2 + kzy y{i=m + ^z) 



nL-oo(P3-Pl-P2 + fc2)^ 

X 



YlkJ-^iPs. -P1-P2 + kzY 



Since: 

/e,£(T) = 1 + (r + 2O3 + 2Qig3 + 2Q2Q3)z-^ + 0{z-^) 
applying Theorem |D.3| yields: 

Je,£;(T + 2Q3 + 2Q1Q3 + 2Q2g3) = hA^) 

The String Equation now implies that: 
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and taking the non-equivariant limit A — gives: 

,,6r>o uLiipi + nr=i(P2 + kzy nLife + kz) 



X 



nL-oo (P3 -P1-P2 + kzf 

Y\k=-<^iP5 -P1-P2 + kzY 



We now proceed exactly as in the proof of Corollary |D.5[ obtaining: 

i=o m=o„=i+m (Z!)2(TO!)2n!((n - I - my.) 

Regularizing gives: 

Gxit) = 1 + 54t2 + 672t^ + 15642*'^ + 336960t^ + 7919460t^ + 191177280t^ 

+ 4751272890t^ + 120527514240^^ + • • • 

Minkowski period sequence: |154| 

55. 

Mori Mukai name: 3-2 

Mori— Mukai construction: A member of \L'^^ '^0^1 Cpixpi(2, 3)| on the P^-bundle 

P(Opixpi®Opixpi(-l,-l)®') 
over X P^ such that X OY is irreducible, where L is the tautological line bundle and y is a member of \L\ 

Our construction: A member X of \M + 2N\ in the toric variety F with weight data: 

2^0 xi ua iji t to ti 

1 100 -1 00 L 
1 1 -1 M 
1 1 1 iV 



and AmpF = {L,M,N). 
We have: 

• ~Kp = L + M + 3N is ample, that is F is a Fano variety; 

• a: - M + 27V is nef and big; 

• ~{Kp + X) ^ L + N is ncf and big but not ample on F (it is ample when restricted to X). 

The two constructions coincide: Mori-Mukai use different weight conventions to ours, so their construc- 
tion exhibits X as a member of \2L' + 3M' + 2N'\ in the toric variety with weight data: 

1 1 1 1 L' 
110 11 M' 
1 1 1 N' 



and Amp F = (L', M', L' + M' + N') . Changing basis yields our construction. 
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N - L - M 




L M 

Figure 1. The secondary fan for F in 3-2 

Remarks on our construction: Note that the secondary fan for F has three maximal cones as in Fig. [T] 
The fohowing table gives more detail about the irrelevant ideal, unstable locus, and quotient variety 
corresponding to each of the maximal cones of the secondary fan. 



chamber 




irrelevant ideal 




unstable locus 






{L,M,N) 








= a;i = 0) U (yo = yi = 0) U (t = to = 


-0) 


F 


{L,N,N - L~ 


M) 




it = 


0) U (a;o ^ xi^O)U (yo = yi = h = ti 


= 0) 


G 


(Af , N,N -L- 


-M) 


{yjtkt.Xiyjt) 




0) U (yo = yi = 0) U {xo = xi = to = ti 


= 0) 


G' 



The shape of the unstable locus shows that the second and third maximal cones are "hollow" , that is, 
taking the GIT quotient with respect to these stability conditions leads to rank 2 toric varieties. We discuss 
briefly the variety G, which is the most relevant for understanding the geometry of X. Since i ^ 0, we can 
use the M-torus to reduce to t 1 and eliminate t. We are left with the toric variety G with weight data: 

Xo xi uo ui to ti 

1 1-1-10 L' 
1 1 1 1 TV' 

and Amp G — {L',N'). The morphism /: _F — )■ G is given (contravariantly) by: 

[xo,xi,uo,ui,to,ti] i-> [xo,xi,tyo,tyi,to,ti] 
and we have L = f*L', N = f*N'. 

The divisor that Mori-Mukai denote by Y is, in our notation, (t = 0) = P^^^xi ^ ^vo,yi ^ ^to,ti- The 
complete linear system \ — {Kp + X)\ defines the morphism f:F~^G, which (a) contracts the divisor Y to 
Xi ^ ^ta ti ^^'^ 0^) is isomorphism of X to its image. Under f : F ~^ G, X maps isomorphically to 
a member X' of \—L' + 3N'\ on G. This makes it clear that X is Fano, because —{Kq + X') = L' + N' is 
ample on G; however because X' is not nef on G this construction, economical though it is, is useless for 
calculating the quantum cohomology of X, as the convexity assumption on the bundle in Quantum Lefschetz 
is not satisfied. 

The quantum period: This is Example |D.8[ We have: 

Gxit) = l + 58f2 + 600t^ + 13182t'* + 247440t^ + 5212300i^ + 111835920i^ + 2480747710t^ + 56184565920i^ + - • • 
Minkowski period sequence: 157, 

56. 

Mori Mukai name: 3-3 
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Mori— Mukai construction: A divisor of tridegree (1, 1,2) on x x P^. 

Our construction: A member X oi \L + M + 2N\ on tlie toric variety F witli weiglrt data: 



1 1 
1 





10 
1 1 1 



L 
M 
N 



oo oo 



and AmpF = {L,M,N). 

The two constructions coincide: Obvious. 

The quantum period: We have that: 

• F is a Fano variety; 

• X L + M + 2N is ample; 

• -{Kp + X) ^ L + M + N is ample. 
Corollary D.5 yields: 

and regularizing gives: 

Gx{t) = 1 + 20f + im^ + 1812i4 + 21720i^ 

Minkowski period sequence: |135| 
Mori Mukai name: 3-4 



2n)l 



1=0 m=0 n=0 



(Z!)2(m!)2(n!)3 
289100i^ + 3927840t^ 



54999700r + 785606640t^ 



57. 



Mori— Mukai construction: The blow-up of the variety Y constructed in { 35 (i.e. number 18 on the Mori- 
Mukai list of smooth Fano 3-folds of rank 2) with centre a smooth fibre of the composition: 

double cover ™9 ™i projection „ 



Y 



X pi 



Our construction: A member X of \2N\ on the toric variety F with weight data: 

to ti X X2 Vo Vi z 

11 -1 00 L 
1 1-1-10 M 
1 1 1 

and AmpF = {L, M, N). The secondary fan has four maximal cones as in Fig. [2j We have: 

• —Kp = L + 3N is nef and big but not ample; 

• X ^ 2N is nef and big but not ample; 

• —{Kp + X) ^ L + N is nef and big but not ample. 

The two constructions coincide: Recalf^ from { 35 that y is a member of |A^| in the toric variety G with 
weight data: 





X2 




yi 


Z 


1 1 


1 


-1 


-1 











1 


1 


1 


The unstable locus is 




= Xl 


= X2 





M 
N 



\M\ — \xo, xi,X2\ manifestly defines a morphism G -> Vxo,xi,x2 ^i^h fibre P^. If F is the blow-up of G along 
(a;o — Xl = 0) then X is the proper transform of Y. It is clear that F is a toric variety with the weight data 
given above, and that the morphism _F — > G is given by Xo = xto, xi = xti. 



13. 



The description here differs from the weight data in 335 by a change of lattice basis and by relabeUing of co-ordinates. 
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Figure 2. The secondary fan for F in 3-4 

The quantum period: Let pi , P2 , Pa € H' {F;Z) denote the first Chern classes of L, M, and N respectively; 
these classes form a basis for H'^{F;Z). Write r € H'^{F;Q) as r = ripi + T2P2 + and identify the 
group ring Q[H2{F; Z)] with the polynomial ring Q[Qi, Q2, Q3] via the Q-linear map that sends the element 
e q[H2iF;Z)] to Qi^-P'^Qi^'^'^Qi^'^'K We have: 

J-F\T) = e ' 1 m n m^l 

;,m,n>o nfc=ibi + M^nfcLi(P2 + MnLife + kz) nr=-oo(P2 - Pi + m 



nL-oo(P3-P2 + fc^)^ 

rer^(P3-P2+fcz)2 



Theorem C.l 



Since: 

If{t) = l + Tz-^ + 0{z'^) 

gives: 

=/i.(T) 



l+n ^ 



We now proceed exactly as in the case of 3-1 (|54|), obtaining: 

oo oo n 



;=o n=Om=/ {l\Ym\n\{m ~ l)\{{n - m)!) 
Regularizing gives: 

Gx{t) = 1 + 2Af + 156t3 + 2280i'' + 27960i^ + 387060*'' + 5450760*'' 

+ 79246440** + 1175608560*^ + • • • 

Minkowski period sequence: |142| 

58. 

Mori Mukai name: 3-5 

Mori— Mukai construction: The blow-up of x with centre a curve C of bidegree (5, 2) such that the 
composition C ^ P^ x P^ ^ P^ with projection to the second factor is an embedding. 
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Our construction: A codimension-2 complete intersection X of type (Af + A'')n (M + A'^) in tlie toric variety 
F with weiglit data: 

to ti Ho yi j/2 X xo xi 



-1 

1 -1 
1 



L 

M 

N 



and AnipF = {L, AI, N). The secondary fan for F is the same as that for the toric variety in 3-2 (55) and 
is shown in Fig. [l] We have: 

• —Kp = L + 2M + 3N is ample, that is is a Fano variety; 

• A" is complete intersection of two nef divisors on F; 

• —{Kp + A) = L + N is nef and big but not ample on F. 

= Pi X P2 and: 



E.l 



with G 



The two constructions coincide: Apply Lemma 

V — C'plxP2(— 1, —1) © OplxP^ ® C'plxP2 
VF = Oplxp2(0,l)®Oplxp2(0,l) 

with f : V ^ W given by the matrix: 

ftoA2{y) 2/0 yi\ 
\tiB2{y) yi y2j 

where [^o : ^i] are homogeneous co-ordinates on and [yo : yi : 2/2] are homogeneous co-ordinates on P^. 



This exhibits X as the blow-up of 1 



in the locus Z defined by the condition 



rk 



< 2 



^hMiy) yo 2/1' 
^tiB2{y) yi 2/2y 

and it is easy to see that C is described in this way. For instance, it is immediate that Z projects isomorphically 
to a conic in P^, and that the projection to P"'^ has degree 5. 



The quantum period: We proceed as in Example D.8 Let pi, P2,P3 G H'{F;Z) denote the first Chern 
classes of L, M, and A^ respectively; these classes form a basis for H'^{F;Z). Write r G H'^{F;Q) as 
T = Tipi + T2P2 + T^Ps and identify the group ring Q[H2{F;'Z)] with the polynomial ring 
the Q-linear map that sends the element Q'^ e Q[H2{F;Z)] to gf '^^^gf '^'">gf 'P^'^ 



JF{r) : 
and hence: 

Note that: 
where: 



1,(32,(53] via 
C.l gives: 



Theorem 



Lm.n> 



uLiiPl + kz? n:Lib2 + kzf nLife + kzy n^irr^ - pi 



P2 



■kz) 



E 



■P3 



kzf nL-00 -P2-P1 + kz) 



l.rn 



n>o Ilk=iiPi + kz)^IlT=i(.P2 + kzfUk=i(.P3 + kzf nL-jr(P3 -P2 - Pi + kz) 
h,EiO) = A + Bz-^+Oiz-^) 



A = l 



4Q2Q3)1 + (P3-P2-Pl) 



(-i)™-ig^ 



m>0 



= Q3(l + 4Q2)1 + {P3 -P2- Pi) l0g(l + Q2) 

Arguing exactly as in Example |D.8[ we find that: 

J.,E{iP3 -P2- Pi) l0g(l + Q2)) = e-«^(l+4Q^)/^/e.£(0) 

and: 



Je,E {{P3 -P2-P1) log(l + Q2)) = 



— g(P3-P2-Pl) log(l + Q2)/z 



l = T^,Q2=jf^,Q3=Q3{l + Q2) 
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Hence, using the inverse mirror map ([9|, we have: 

Je,B(0) = [e-(P^-f^-fi)l°s(l+Q^)/Ve,B((p3-P2-pi)l0g(l+Q2)) 



1- 1_Q2 . 



2 = T^.Q3 = Q3(1-Q2) 



p(P3-P2-Pl) log(l-Q2)/^ 



1~ l-«2 ' 



_ 02 



.Q3=Q3(1-Q2) 



Taking the non-equivariant Hmit yields: 

JyxiO) = e(P-''"''2"Pi)'°s(i-^2)/Zg-Q3(i+3Q2)x 



E 



QiQrQ3(i-Q2 



i-l-m 77™+" 



nr=i b2 + P3 + fc^)^ nL-oo(f 3 - p2 - pi + kz) 



l,m,n>0 nLl(Pl + ^^)^ UT=liP2 + kzf nLl(P3 + kzY Y\lJ_^{pz - P2 - Pi + kz) 

Recall that the quantum period Gx is obtained from the component of Jx(0) along the unit class 1 € 
H'{X;Q) by setting z = 1 and = t^l^^-^^) . In view of equation ([8|, therefore, to obtain Gx we extract 
the component of Jy,x{^) along the unit class 1 e H*{Y\Q), set z = 1, set Qi — t, set Q2 = 1, and set 
Q3 ~ t. This gives: 

r (f) = V V f2i+m (^ + 2m)!(/ + 27n)! 
> 2^2^ (;!)2(TO!)3((/ + m)!)2 

/=0 m=0 \ I \ J \\ ' ) ) 

Regularizing gives: 

Gx[t) = 1 + 22t2 + l26t^ + 1722i'' + 18780i^ + 236470i^ + 2998380t^ + 39440170i^ 

+528743880t^ + • • • 

Minkowski period sequence: |138| 

59. 

Mori Mukai name: 3-6 

Mori— Mukai construction: The blow-up of P'^ with centre a disjoint union of a line and an elliptic curve 
of degree 4. 

Our construction: A member X of |2A/ + iV| in the toric variety with weight data: 

So si X X2 ^3 yo 2/1 

1 1 -1 L 
1 1 1 M 
1 1 N 

and Amp F = (L, M, N). The secondary fan for F has two maximal cones as in Fig. [s] 

N 




M 



M 



Figure 3. The secondary fan for F in 3-6 

We have: 

• —Kp — L + 3M + 2N is ample, that is F is a Fano variety; 

• X 2M + N is nef; 

• -{Kp + X) ^ L + M + N is ample. 
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The two constructions coincide: An elliptic curve F C is a (2, 2)-complete intersection in so X is 
constructed by applying Lemma |E.1| twice. In more detail, the equation of X has the form: 

yoA{soX, SiX, X2, xa) + yiB{soX, SiX, Xi, X3) = 

where A, B are homogeneous quadratic polynomials in the variables xo = s^x^ x\ — s\x^ X2, X3. The obvious 
morphism X Pi^^ blows up the line xq — xi — and the elliptic curve A = B ^ 0. 



The quantum period: Corollary |D . 5 1 yields : 

00 00 00 to \ w 

r (f) = p"3* "S^ "S^ /'+™+" ^ ^> 

> Z^Z^Z^ {l\Y{m~l)\{m\Y(n\Y 

1=0 n=0 m=l \ / \ J \ J \ I 

and regularizing gives: 

Gx{t) = 1 + Mt^ + 66^3 + imt^ + mmt^ + 73490t^ + 780360i^ + 8578570i^ + 96096000^^ + • • • 
Minkowski period sequence: (117| 

60. 

Mori Mukai name: 3-7 

Mori— Mukai construction: The blow-up of C P^ x P^ with centre an elliptic curve which is an inter- 
section of two members of | — Here is a divisor of bidegree (1, 1) in P^ x P^. 

Our construction: A complete intersection X of type {M -\- N) n (i -I- M -I- N) in the toric variety F = 

Pl X P2 X P2. 



The two constructions coincide: Apply Lemma E.l 



The quantum period: The toric variety F has weight data: 

1 1 L 

1 1 1 M 

1 1 1 N 



and AmpF = {L, M, N). We have that: 

• F is a Fano variety; 

• X is the complete intersection of two nef divisors on F\ 

• -{Kp + K)=L + M + N\s ample on F. 
Corollary |D.5| yields: 



00 00 00 



Gx it) = e-- ^ ^ ^'^.m.Ttir.ta"^' 
^ ' (Z!)2(m!)3(n!)3 

;=0 m=0 n=0 \ I \ I \ I 

and regularizing gives: 

Gx{t) = 1 + 10<^ + 48t^ + 438i* + 3720t^ + 33940t^ + 320040^^ + 3096310i^ ^ 30581040i^ + 
Minkowski period sequence: |103| 

61. 

Mori Mukai name: 3-8 

Mori— Mukai construction: A member of the linear system \p\g*0{X) '8'P2^(2)| on Fi x P^ where (i 
1, 2) is the projection to the ith factor and 5: Fi — > P^ is the blowing-up. 
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Our construction: A member X of \M + 2iV| in the toric variety F with weight data: 

So si X X2 yo Vi V2 

1 1 -1 L 
1 1 M 
1 1 1 iV 



and AmpF — {L,M,N). The secondary fan for F is the same as that for the toric variety in 3-6 (^59) and 
is shown in Fig. [3| We have: 

• —Kp = L + 2M + 3N is ample, that is F is a Fano variety; 

• X M + 2N is nef; 

• -{Kp + X) ^ L + M + N is ample. 

The two constructions coincide: Obvious. 



The quantum period: Corollary |D . 5 1 yields : 

OO CO oo 

W = e-3t ^ ^ ^ _ 

l—Q m—l n— 

and regularizing gives: 

Gx{t) = 1 + 12t^ + bAt^ + bm* + 4620i^ + 43770t^ + 425880^^ + 4256700i® + 43462440^^ 



(m + 2n)! 
(/!)2(m-0!(m!)(n!)3 



Minkowski period sequence: 112 



62. 

Mori Mukai name: 3-9 

Mori— Mukai construction: The blow-up of the cone C over the Veronese surface i?4 C with 
centre a disjoint union of the vertex and a quartic in i?4 ^ P^. 

Our construction: A member X of \2M\ in the toric variety F with weight data: 

So si S2 X yo yi 

1 1 1 -2 L 
1 1 1 M 

and AmpF = (L, Af). 
We have that: 

• —Kp = L + 3 A/ is ample, so F is a Fano variety; 

• X ~ 2M is nef; 

• -{Kp + X) L + M is ample. 

The two constructions coincide: The variety X is cut out by: 

2/02/1 + x'^Ai{so, si, S2) = 

where is a generic homogeneous polynomial of degree 4 in sq, si, S2. Note the morphisms tt: F — > P^ 
given by the linear system |L|, and /: F — > P(l,l,l,2,2) given (contravariantly) by [a;o, xi, a;2, 2/0, 2/i] ^ 
[sq^/x, si^/x, S2\/x, yo, yi]. The exceptional set of / is the divisor E = {x = 0) = P^o,si.s2 ^ ^yo,vi maps 
to Pjo.yj C P(l, 1, 1, 2, 2). Note that E H X is two copies of P^, one above [yo : j/i] = [1:0] and one above 
[2/0 : 2/1] = [0 • !]• This explains how X has rank 3 when F has rank 2. 

To see that our construction coincides with the construction of Mori-Mukai, set W = f{X), note that: 

{yoyi + A4xo,xi,x2)^0) C P(l, 1, 1, 2, 2) 

and note that the morphism f : X W contracts one copy of P^, with normal bundle 0{—2), to each of the 
two singular points W n P^^^ . Consider the rational projection: 

g: P(l,l,l,2,2) P(l, 1, 1, 2),„,,,,,,,j,„ 
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which omits the homogeneous co-ordinate yi. It is clear that g\w '■ W P(l, 1, 1, 2) extends to a morphisni 
after blowing up the singular point [0 : : : : 1] € W, and that this morphism contracts the surface 
(yo = ^4(a;o, 3^1,2:2) = 0) C to the curve (yo = A4{xo,xi,X2) = O) C P(l, 1, 1, 2). 

The quantum period: Corollary |D . 5 1 yields : 

l+m (2"^)! 



/=0 m=2l 



and regularizing gives: 

Gx{t) = l + 2t^ + 36t^ + 198t^ 
Minkovirski period sequence: |22| 

Mori Mukai name: 3-10 



(n)3(m-2/)!(m!)2 
840i^ + 9200t^ + 79800t^ + 520870t® 
63. 



4289040i^ 



i"^ with centre a disjoint union of two 
Our construction: A member X of |2A^| in the toric variety F with weight data: 



Mori— Mukai construction: The blow-up of a quadric 3-fold Q C 
conies on it. 



So 




t2 


t3 


X 


y 


X4 




1 


1 








~1 








L 








1 


1 





-1 





M 














1 


1 


1 


N 



and Ampf = {L, M, N). The secondary fan for F has 4 maximal cones as in Fig. [4] 

N - M N ~ L 




M 



Figure 4. The secondary fan for F in 3-10 

We have: 

• —Kp = L + M + 3N is ample, so that F is a Fano variety; 

• X - 27V is nef; 

• -{Kp + X) ^ L + M + N is ample. 

The two constructions coincide: We take Q to be the locus xqXi + X2X3 + .t| = in Pta.xi,x2,x3,x4J ^^'^ 
take the conies to be cut out of Q by the two complete intersections {xq — xi = 0) and {x2 = X3 — 0); note 
that the intersection of these two planes misses Q. The morphism F given (contravariantly) by: 

[xq : Xi : X2 ■■ X3 : x^] [sqx : six : t2y : hy ■ Xi] 

blows up the planes (xq = x\—Q) and {x2 — x^ =0). Taking the proper transform of Q yields X. 
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The quantum period: Corollary |D . 5 1 yields : 

oo oo oo /o M 
r (f) = P^^^S^ fl+rn+n i^"")' 

-^V y Z^Z^ (l\Y(m\Yn\(n~l)\{n^m)\ 

1=0 m=On=nia.x{l,m) \ / \ / \ J\ I 

and regularizing gives: 

Gx{t) = 1 + m"^ + mt^ + aeei" + 2640t^ + 23320<^ + 200760t^ + 1815310t* + 16611840^^ 
Minkowski period sequence: |99| 

64. 

Mori Mukai name: 3-11 



Mori— Mukai construction: The blow-up of B^ (see [ 52 ) with centre an elliptic curve that is the intersec- 
tion of two members of | — ^i^s^j. 

Our construction: A member X oi\L + M + in the toric variety F with weight data: 

So si 32 X xz yo yi 

1 1 1 -1 L 

1 1 M 

1 1 TV 



and AmpF — {L, M, N). In other words, F = x . The secondary fan of F is the same as that of the 
toric variety in 3-6 (Sj59| and is shown in Fig. [s] . 
We have: 

• —Kp = 2L + 2M + 2N is ample, so F is a Fano variety; 

• X ^ L + M + N is ample; 

• ~{Kf + X) ^ L + M + N is ample. 

The two constructions coincide: Recall from j|52]that Bj is the toric variety with weight data: 

So Si S2 X X3 

1 1 1 -1 L 
1 1 M 



and Amp Bj = {L, M). Now apply Lemma E.l with V = Obj®Obj, W = -^Kb,, and the map f : V ^ W 
given by (A _B) where A, B are the sections of —^Kb^ that define the centre of the blow-up. 



The quantum period: Corollary |D . 5 1 yields : 

oo oo oo I M 

f< (f\ ^ -2t \^ \^ \^ .i+ni+n (i. + m + ny. 

' Z^Z^Z^ {l\Y{m-l)\m\{n\Y 

l=Qn=Om=l W V / \ J 

and regularizing gives: 

Gxit) = l + 6t^ + + ISef^ + 1380i^ + 10230i^ + 78540f + 620970<^ + 5020680^^ + ■■■ 
Minkowski period sequence: |72| 

65. 

Mori Mukai name: 3-12 

Mori— Mukai construction: The blow-up of with centre a disjoint union of a line and a twisted cubic. 
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Our construction: A codimension-2 complete intersection X of type (Af + A'')n (M + A'^) in tlie toric variety 
F with weiglit data: 

So S3 X xi X2 yo yi y2 

1 1 -1 L 
1 1 1 M 
1 1 1 



and Amp F — {L, M, N) . Tlie secondary fan of F is the same as that of the toric variety in 3-6 [{ 59 1 and is 
shown in Fig. [Sj We have: 

• —Kp = L + 3M + iN is ample, so is a Fano variety; 

• AT is the complete intersection of two nef divisors on F\ 

• -{Kp + K) L + M + N is ample. 

The two constructions coincide: The twisted cubic F is cut out of by the equations: 



rk("° "1 "^|<2 

Xi X2 X3 



By Lemma E.l the blow up of P along F is cut out of P;J^ x P^^ by the equations: 



Xo Xi X2 
Xi X2 X3 




= 



Observe that F is disjoint from the line (xq = x^ = 0). We therefore blow up V^g,,,,^x3 ^ ^y<),yi,v2 f^^o^g the 
locus Xq = X3 = 0, obtaining the toric variety F. The equations defining X inside F are: 



SqX Xi X2 
Xi X2 S3X 



yi I - 



\y2, 

and so A' is a complete intersection of type [M + A^) n (ill + A^) . 
The quantum period: Corollary |D . 5| yields : 

00 00 00 I , wi , \[ 

„ , . ^ 2t V W ^'+™+» [m + ny.{m + n)\ 

2^ 2^ 2^ a!)2(m-0!(TO!)2(n!)3 

1=0 n=0 m=l \ ) \ J \ J \ ) 

and regularizing gives: 

Gx{t) = 1 + St^ + + 2m^ + 1740t^ + laiaOt^ + lOeeSOt^ + 862960t^ + 7248360*^ + • • • 
Minkowski period sequence: ,85j 

66. 

Mori Mukai name: 3-13 

Mori— Mukai construction: The blow-up of VF C P^ x P^ with centre a curve C of bidegree (2, 2) on it 
such that C ^ T4^ — > P^ X p2 P^ is an embedding for both i = 1,2. Here PF is a divisor of bidegree (1,1) 
in p2 X p2 and : P^ x P^ — > P^ is projection to the zth factor. 

Our construction: A codimension-3 complete intersection X of type {L + M) O {L + N) n {M + N) in 
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The two constructions coincide: First choose co-ordinates Xo,Xi,X2, yoiVi:V2 on x P^ such that the 
curve C is contained in the surface E given by the condition: 



,2/0 Vi 2/2, 

Note that E is just P^ embedded diagonally in P^ x P^. In these coordinates, Wi_i — {/i_i(a;, y) = 0} where 



/i,i G r(P^ X P^; 0(1, 1)) is a general section, and C = E • Wi^i. By Lemma E.l X is given by the equations: 

XqZq + XiZi + X2Z2 = 

2/0^0 + 2/121 + 2/2^2 =0 

Ji,i{x,y) =0 

in P^ X P^ X P^ 

Xo,Xi,X2 Va,yi,y2 ^ 20,21,22 ■ 

The quantum period: F = P^ x P^ x P-^ is the toric variety with weight data: 

1 1 1 L 

1 1 1 M 

1 1 1 N 



and AmpF = (L, M, N). We have that: 

• is a Fano variety; 

• X is the complete intersection of three nef divisors on F] 

• ~-{Kf + A)^L + M + Nis ample. 
Corollary |D.5| yields: 

G (t) = y> ^i+m+n + ^^Y-jl + n)!(m + n)! 

and regularizing gives: 

Gx{t) = 1 + et^ + 2At^ + 162i* + lOSOt^ + 7620^^ + 55440i^ + 415170*^ + 3166800t^ + • • • 
Minkowski period sequence: |70| 

67. 

Mori— Mukai name: 3-14 

Mori— Mukai construction: The blow-up of P^ with centre a union of a cubic in a plane S and a point 
not in 5*. 

Our construction: A member X of \M + in the toric variety F with weight data: 



So 


Sl 


S2 


X 


2^3 


u 


V 




1 


1 


1 


-1 





-2 





L 











1 


1 








M 

















1 


1 


N 



and AmpF = (L, Af, N). The secondary fan of F is shown in [5] 
We have: 

• —Kp = 2A// -f- 2N is nef and big but not ample; 

• X ~ M + is nef and big but not ample; 

• —{Kp -I- A) ^ Af + A^ is nef and big but not ample. 
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Figure 5. The secondary fan for F in 3-14 

The two constructions coincide: The variety X is cut out by: 

VX3 + uxA3{so, si, S2) = 
Note the obvious morphism tt : F B-; with fibre „ , where -By is the toric variety with weight data: 

So Si S2 X X3 

1 1 1 -1 L 
1 1 M 

and AmpSy = {L,M). The birational morphism Bj — > P"^ given (contravariantly) by [xq, . . . ,X3] 1— > 
[soX,six,S2X,X3] identifies B^ with the blow-up of P'^ at the point [0:0:0:1]. The equation defining 
X is of degree 1 in P^ ^: it follows that the morphism Tr\x '■ X Bj is birational and blows up the locua^ 

(2:3 = Asiso, si, S2) = 0) c Br- 

The quantum period: Let pi, p2,P3 G Z) denote the first Chern classes of L, Af, and respectively; 

these classes form a basis for i7^(_F;Z). Write r G i?^(F;Q) as r = Tipi + T2P2 + T^p^ and identify the 
group ring ^[H2{F] Z)] with the polynomial ring Q[(5i, Q2: Qa] via the Q-linear map that sends the element 
Q'3 e q[H2{F-Z)] to 'P^^gf -P^^gf 'P^^. We have: 

r , , r/. V- QiQ^Qge'"ie"'"^e""3 nL-oo(P2 - Pi + fcz) 

1f[t) = e ' y. — j ~i 

i,^,n>o 11^=1 bi + M^rifcLife + kz) riLiba + kz) Uk=-oo(P2 - Pi + kz) 

nL-oo(P3-2pi + fcz)2 



rci-oo(P3-2pi+ftz)2 



Since: 

If{t) = 1 + tz-i + C»(z-2) 

Theorem C.l gives: 

Jf{t) = If{t) 

We now proceed exactly as in the case of 3-1 (j|54|), obtaining: 

00 00 00 / I M 

^ /,\ ^ -2t ,m+n (m + n}\ 

^xy ) 2^2^!^^ {l\Ym\n\{m~~l)\{n^2l)\ 

1=0 m=l n=2l ^ ' ^ ' ^ ' 

Regularizing gives: 

Gx(t) = 1 + + 18t^ + 102i'* + 420t^ + 2810t^ + 21000i^ + 129430^* + 813960t^ 
Minkowski period sequence: |21| 

68. 

Mori Mukai name: 3-15 



14 



Note that, with our choice of stability condition for F, (x3 = a: = 0) C C'^ is part of the unstable locus. 
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Mori— Mukai construction: The blow-up of a quadric 3-fold Q C P''^ with centre a disjoint union of a line 
and a conic on it. 

Our construction: A member X oi \L + N\ in a toric variety F with weight data: 

So si 32 h ti y z 

1110 0-1 L 
1 1 -1 M 
1 IN 



and Amp F — (L, M, N) . The secondary fan for F is the same as that for the toric variety in 3-10 [i 63 ) and 
is shown in Fig. |4j We have: 

• —Kp — 2L + M + 2N is ample, that is F is a Fano variety; 

• X ^ N + Lis nef; 

• -{Kp + X) ^ L + M + N is ample on F. 

The two constructions coincide: The morphism — > P'' given (contravariantly) by: 

[xq,xi,X2,X3,X4] i-> [soy,siy,S2y,t3Z,t4z] 

is the blow-up of P^ along the disjoint union of the line [xq — Xi ~ X2 ~ 0) and the plane (0:3 — X4 — 0). X 
is the proper transform of the (nonsingular) quadric defined by the equation: 

xl + X1X3 + X2X4 — 

Note that this quadric contains the line xq = xi = X2 = 0. 



The quantum period: Corollary |D . 5 1 yields : 

00 00 00 /" 7 I M 

P (f\ ^ p-tsr^ sr^ sr^ .i+m+n v + 

' Z^Z^ a!)3(m!)2(n-0!(n-m)! 

i=0 m=On=max(i,m) \ J \ J \ J \ I 

and regularizing gives: 

Gxit) = 1 + + + 138<^ + 780f^ + 5370t^ + 36120<^ + 253050t^ -I- 1811880i^ 
Minkowski period sequence: 67, 

69. 

Mori Mukai name: 3-16 



Mori— Mukai construction: The blow-up of i?7 (see \ 52 ) with centre the strict transform of a twisted cubic 
passing through the centre of the blow-up — > P"^. 

Our construction: A complete intersection X of type n in the toric variety F with weight data: 





S2 


S3 


X 


Xq 


2/0 


V\ 


V2 
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1 


1 


-1 








-1 


-1 


L 
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1 


-1 








M 

















1 


1 


1 


N 



and AmpF = {L, Ad, N). The secondary fan for F is shown schematically in Fig. |6] We have: 

• —Kp — M + 3N is nef and big but not ample; 

• A is the complete intersection of two nef divisors on F; 

• —{Kp + X) ^ M + N is nef and big but not ample on F. 
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Figure 6. The secondary fan for F in 3-16 
The two constructions coincide: Consider the rational normal curve: 

r 



rk(^" ^1 ^2 I ^2 



Xi X2 X3 



m PL ^. ^„ ^„ and note that P = [1 : : : 0] lies on F. Recall from { 52 that i?7 is the toric variety with 



■ Xo,Xi,X2,X3 

weight data: 



Si S2 S3 X Xo 

1 1 1 -1 L 
1 1 M 



and Amp By — {L^M), and that the blow-up morphism By — > P is given (contravariantly) by [xq, xi, 0:2, a^a] ^ 
[xq, six, S2X, S3X]. The proper transform of the curve F is the curve F' defined by the condition: 



rk( ^° '']<2 



yXSi S2 S3y 

Now apply Lemma [kI] with Bj,V = M^^ © L^^ ® PF = Og © ^G, and the map f : V ^ W given 
by the matrix: 

' Xq Si S2 
XSl S2 S3 

The quantum period: Let pi, p2,P3 G H*{F; Z) denote the first Chern classes of L, M, and N respectively; 
these classes form a basis for H'^{F;Z). Write r e iJ^(F;Q) as r = Tipi + T2P2 + T3P3 and identify the 
group ring Q[H2{F; Z)] with the polynomial ring Q[Qi, Q2, Q3] via the Q-linear map that sends the element 
e Q[H2{F;Z)] to Qi^'P'^Qi^^P'^^Qi^'P'l We have: 



iFir) 



E 



nL-co(P2-pi + fcz) 



l.m 



nL-oo(P3 - P2 + fcz) nL-oobs -pi + kzf 



n^roobs - P2 + fcz) n^iioofe - pi + fc^) 



and, since If{t) = 1 + tz ^ + 0{z Theorem C.l 



gives: 



Jf{t) = If(t) 

We now proceed exactly as in the case of 3-1 (i}54|), obtaining: 



00 00 n 



Gx{t) 



7 ' T? , ' 



^ (n)3m!(m - l)\[n - m)!((n - /)!) 

Regularizing gives: 

Gx{t) = 1 + + 18t^ + 84t^ + 540i^ + 3190t^ + 20160t^ + 130900t® + 859320^^ 
Minkowski period sequence: |42| 
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70. 

Mori Mukai name: 3-17 

Mori— Mukai construction: A nonsingular divisor of tridegree (1, 1, 1) on P-*^ x x P^. 
Our construction: A member X oi \L + M + N\ on the toric variety F witii weight data: 

1 1 L 
1 1 M 
1 1 1 N 



and AmpF = {L,M,N). 

The two constructions coincide: Obvious. 



The quantum period: Corollary |D . 5 1 yields 



oo oo oo I M 

2t 4+m+2n + m + n)\ 



and regularizing gives: 

Gxit) = 1 + + l2t^ + Sit^ + 360t^ + 2380i^ + 13440i^ + 83860t* + 512400i^ + • • • 
Minkowski period sequence: |39| 

71. 

Mori— Mukai name: 3-18 

Mori— Mukai construction: The blow-up of P^ with centre the disjoint union of a line and a conic. 

Our construction: A member X of \M + N\ on the toric variety F with weight data: 

So si X X2 X3 yo yi 

1 1 -1 L 
1 1 1 -1 Af 
1 1 



and Amp F = {L, M, N) . The secondary fan of F is the same as that of the toric variety in 3-4 [{ 57 ) and it 
is shown schematically in Fig. [2j We have: 

• —Kp = L + 2M + 2N ample, that is is a Fano variety; 

• X M + N is nef; 

• ~{Kp + X) ^ L + M + N is ample. 

The two constructions coincide: We construct X, for example, as the blow-up of V^^ along the 

(disjoint) union of the line (a;o = xi = 0) and the conic {xqXi + X2 = x^ = 0). Thus X is given in F by the 
equation: 

yoisosix"^ + xl) + j/ixs 
where the morphism _F — P^ is given (contravariantly) by: 

[xq,xi,X2,X3] i-> [soa;,Sia;,a;2,a;3] 



The quantum period: Corollary |D . 5 1 yields : 

CX3 00 00 / M 
(f\ ^ p-t \^ \^ \^ d+m+n i"^ + 

Z^Z^Z^ (l\Y{m-mm\Y(n-m)\n\ 

Z=0 m=l n=m \ / \ J \ / \ J 

and regularizing gives: 

Gx{t) = 1 + 4i2 + 18^"^ + mt^ + 480t^ + 2470t^ + 14280i^ + 94780i^ -I- 564480i^ 
Minkowski period sequence: ^T] 
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72. 

Mori Mukai name: 3-19 

Mori— Mukai construction: The blow-up of a quadric 3-fold Q C with centre two points Pi and P2 on 
it which are not collinear. 

Our construction: A member X of \2M\ in the rank 2 toric variety F with weight data: 

So Si S2 X Xi 



111-10 L 
1 1 1 M 



and Amp(F) = {L,M). We have: 

• —Kp — 2L + 3M is ample, that is F is a Fano variety; 

• X r^2M is nef; 

• -{Kp + X) 2L + M is ample. 

The two constructions coincide: The variety F is manifestly the blow-up of P^^ along the line 

(a^o — xi = X2 = 0), and X is the strict transform of a general quadric. 



The quantum period: Corollary |D . 5 1 yields 



CO CO 



1=0 m=l 



2l+m (2™)! 

(Z!)3(m-Z)!(m!)2 



and regularizing gives: 

Gx{t) ^l + 2t^ + I2t^ + 54^" + 240^^ -I- 1280t^ + 7560t^ + 42070** -I- 235200t^ -I- • • • 
Minkov^rski period sequence: ,18, 

73. 

Mori Mukai name: 3-20 

Mori— Mukai construction: The blow-up of a quadric 3-fold Q <zV^ with centre two disjoint lines on it. 

Our construction: A member X of |L + A/| in the toric variety F with weight data: 

So si t2 t-i Ui X y 

110 1-1 Q L 
11 1 0-1 M 
-1 1 1 N 



and AmpF = (i, M, N). The secondary fan of F is the same as that for F in 3-16; it is shown schematically 
in Fig. [71 



L + M -N 



We have: 
• -Kp 



Figure 7. The secondary fan for F in 3-20 
= 2L + 2M -|- is ample, that is F is a Fano variety; 
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• X ^ L + M is nef; 

• -{Kp + X) ^ L + M + N is ample. 

The two constructions coincide: We blow up the disjoint union of the line (0:2 = 0:3 = a;4 = 0) and the line 
(xq ^ xi = X4 ~ 0) in Pto,xi,x2,x3,x4 s-iid take X to be the proper transform of the quadric xqX3+xiX2+x1 = 
constructed to contain the two lines. The morphism _F — > P'* is given (contravariantly) by: 

[a;o,a;i,a;2,a;3,a;4] ^ [s^x, six,t2y,hy,Uixy\ 



The quantum period: Corollary |D . 5 1 yields : 

00 00 l+m X. 

Z^Z^ (Z!)2(m!)2a + m-n)!(n-0!(7i-m)! 

/=0 m=0„=max(i,m) \ J \ ) \ ' ) \ J \ J 

and regularizing gives: 

Gx{t) = 1 + + l2t^ + mt^ + 360t^ + IQmt^ + 10920i^ + 57820i^ + 361200i^ -I- 
Minkowski period sequence: |38j 

74. 

Mori— Mukai name: 3-21 

Mori— Mukai construction: The blow-up of x P^ with centre a curve of bidegree (2, 1). 

Our construction: A member X of \M + on the toric variety F with weight data: 

xo xi yo t/i 2/2 s t 

1 10 0-1 L 
1110-1 M 
1 1 N 



and Amp F — {L, M, N) . The secondary fan of F is the same as that of the toric variety in 3-2 [{ 55 ) and it 
is shown schematically in Fig. [l] We have: 

• —Kp — L + 2M + 2N is ample, that is F is a Fano variety; 

• X M + N is nef; 

• ~{Kf + X) ^ L + M + N is ample. 

The two constructions coincide: A complete intersection of type (0,1) n (1,2) on P^ x P^ is a curve 



of bidegree (2,1). Apply Lemma E.l with G = P^^^ x P^ V = Or^y^r- ® Opi xP^ (-1, -1), W 



Opixp2(0, 1), and f : V ^ W given by the matrix {yo Xoqo + xiqi^ where qo, qi are homogeneous quadratic 
polynomials in j/o, 2/i, 2/2- 



00 00 



The quantum period: Corollary |D . 5 1 yields : 

(n)2(m!)'^n!(n — / — m)! 



l—O m—Q n—l+m 

and regularizing gives: 

Gxit) = 1 + et^ + + 114f'' + 240t^ + 3030t^ + 9660t^ + 95970^* + 394800t^ + 
Minkowski period sequence: 49, 

75. 

Mori Mukai name: 3-22 

Mori— Mukai construction: The blow-up of P^ x P^ with centre a conic in t x P^ (i G P^). 
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Our construction: A member X of |A^| on the toric variety F with weight data: 

2^0 xi uo yi 2/2 s t 

11000 -1 L 
111 -2 M 
1 IN 



and AmpF = {L,M,N). The secondary fan of F is similar to that of the toric variety in 3-10 (^63). We 
have: 

• ~Kp — L + M + 2N is ample, that is is a Fano variety; 

• X N is nef; 

• -{Kp + X) ^ L + M + N is ample. 

3)2 



E.l 



with G 



The two constructions coincide: Apply Lemma 

C'pixp2(0, —2), W — Opixpa, and f : V W given by the matrix (^Xq — txi yoy2 — Vi 



2\ 



The quantum period: Corollary |D . 5 1 yields 

Gx{t) -- 



oo oo oo 

'EE E 

l—O m— n— max(/,2m) 



n! 



and regularizing gives: 

Gx{t) = l + 2f 



6t^ + 54i'* + 180r + 830t^ 



(n)2(m!)3(n-0!(^-2™)! 
- 4620i^ + 26950i^ + 140280t^ 



Minkowski period sequence: 13 



76. 



Mori Mukai name: 3-23 



Mori— Mukai construction: The blow-up of Bi (see { 52 ) with centre a conic passing through the centre 
of the blow-up Bj ^V^. 

Our construction: A member AT of |L -I- in the toric variety F with weight data: 



Sl 


32 


S3 


X 


xo 


u 


V 




1 


1 


1 


-1 











L 











1 


1 


-1 





M 

















1 


1 


N 



and AmpF ~ {L,M,N). The secondary fan for F is the same as that of the toric variety in 3-4 (^57) and 
is shown in Fig. [2j 
We have: 

• — ifi? = 2L + M + 2N is ample, that is is a Fano variety; 

• X L + N is nef; 

• -{Kp + X) ^ L + M + N is ample. 

The two constructions coincide: Consider the conic F given by {x^ = xqXi -f = 0) in , and 

note that P = [1 : : : 0] lies on F. Recall from { 52 that Bj is the toric variety with weight data: 

Sl S2 S3 X Xq 

L 



1 1 




1 -1 
1 



and Amp ~ {L,M), and that the blow-up morphism By — >■ P is given (contravariantly) by [xq,Xi,X2,X3\ i— > 
[xq, six, S2X, s^x]. The proper transform of the curve F is the curve F' defined by the equations: 

S3 = xqSi + xs\ = 

Now apply Lemma [E. 1 1 with G — B-j, V — M^^ © Oq, W — L, and the map J : V given by the matrix 

(a:oSi-l-xs^ S3). 
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The quantum period: Corollary |D . 5 1 yields : 

oo oo oo /' 7 I M 
(f \ ^ p-tS^ d+m+n I' + 

> A^Z^Z^ (l\Y{m-l)\mUn^m)\n\ 

1=0 m=l n=m \ / \ / \ I 

and regularizing gives: 

Gx{t) = 1 + + vit^ + 30t^ + 180*^ + 920**5 + 4200*^ + 22750*^ + 121800*^ 



Minkowski period sequence: 17, 



Mori Mukai name: 3-24 



77. 



Mori— Mukai construction: The fibre product W Xp2 Fi, where — )■ is a P^-bundle and -p: Fi P-^ 
is the blow-up. Here W (see S 49) is a divisor of bidegree (1, 1) on P^ x P-^. 

Our construction: A member X of + on the toric variety Fi x P^, where M is the line bundle p*C'(l) 
on Fi, and N = 0(1). In other words, X is a member of \M + on the toric variety F with weight data: 

So si X X2 yo 2/1 2/2 



1 1 -1 L 
1 1 M 
1 1 1 iV 



and Amp F = {L, M, N) . We have: 

• —Kp — L + 2M + iN is ample, that is is a Fano variety; 

• X - M + TV is nef; 

• -{Kp + X) L + M + 2N is ample. 

The two constructions coincide: First we show that X is the blow up of P^ x P^ along a curve of bidegree 
(1, 1). To see this, note first that X is cut out of Pj ^ ^ x P^, „ „ xPl ^ by the equations; 

IvoXq + Vixi + y2X2 = 

[soXo + SlXl = 

The first equation here cuts W out of P^^ .^.^ .^^ ^^yo,yi,y2'^ second equation cuts Fi out of P^^ .^^ .^^ xP^^ 
as it is the equation defining the blow-up of P^ at the point [0:0:1]. We now exhibit X as the blow-up of a 
curve in Pyo,yi,y2 ^ ■'^so.si' "^^^ projection to ^Ig^y^^y^ x ^so,si is an isomorphism away from the locus where 
the matrix 

f 2/0 2/1 2/2^ 
\so si 
drops rank. This locus is: 

[2/2 = 

[Vosi - 2/iSo = 

i.e. a curve in of bidegree (1,1) as claimed. We can further simplify things by writing X as a hypersurface 
in Fi X P^: the two equations defining X (given above) reduce to the single equation: 

soxyo + sixyi + X2y2 = 

in pi X p2. 



The quantum period: Corollary |D . 5 1 yields : 



CO CO 00 



,i+m+2n {m + ny. 



Gx{t) e (/!)2(r7i-0!m!(n!)3 
and regularizing gives: 

Gx{t) = 1 + 4*2 + 6*'"^ + 60*'^ 4- 180*^ + 1210**5 + 5460*^ + 30940*^ + 165480*^ 
Minkowski period sequence: [31] 
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78. 

Mori Mukai name: 3-25 

Mori— Mukai construction: The blow-up of with centre two disjoint hnes; equivalentl^j^ P(C'(1,0) © 
0(0,1)) over x P^. 

Our construction: The toric variety X with weight data: 

So si t2 h X y 



110 0-1 L 
11 0-1 M 
1 IN 



and AmpX = {L,M,N). 

The two constructions coincide: The morphism X that sends (contravariantly) the homogeneous 

co-ordinate functions [a;o, Xl,X2^ xa] to [sqx, six, t2j/, t^y] manifestly blows up the union of the line (xq = xi = 
0) and the line (x2 = 2:3 = 0). These lines are disjoint. 



The quantum period: Corollary |C . 2| yields: 

1=0 m=0 n=max(/,m) 



00 00 00 ^l+m+2n 



and regularizing gives: 

Gxit) = l + 2t^ + 12t^ + sot" + 120t^ -I- 920i^ + 3360t^ -I- 16030i^ + 99120t^ + ■■■ 
Minkowski period sequence: |16| 

79. 

Mori Mukai name: 3-26 

Mori— Mukai construction: The blow-up of P^ with centre a disjoint union of a point and a line. 

Our construction: The toric variety X with weight data: 

So si t2 U3 X y 

110 1-1 L 
1 1 0-1 M 
-1 1 1 N 



and Amp X ~ {L, AI, N) . The secondary fan of X is the same as that of the toric variety in 3-20 {[ 73 1 and 
it is shown in Fig. [7| 

The two constructions coincide: The morphism to P^ is given by the complete linear system |7V| on X; 
it sends (contravariantly) the homogeneous co-ordinates [xq, Xi, X2, x^] to [sgx, SiX,t2y,U3xy]. The divisor 
(x = 0) C X contracts to the point [0 : : 1 : 0] G P"^, and the divisor {y = 0) C X contracts to the line 
(a;2=X3 = 0)cP3. 



The quantum period: Corollary |C . 2| yields: 

00 00 l+rn ^2l+m+n 

'^x{t)=Y,Yl m)2Tn\a + TO _ ny.(n - iy.(n - m)! 

and regularizing gives: 

Gx{t) = 1 + 2<2 + %e + 30t^ 4- 120^5 + Am^ -f 2520i^ + 10990i^ -I- 57120t^ 
Minkowski period sequence: 12 



"'^^Noto that Mori— Mukai use different weight conventions for projective bundles than we do. 
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Mori Mukai name: 3-27 
Mori Mukai construction: 
Our construction: The toric variety X with weight data: 

1 1 L 
1 1 M 
1 1 N 



and Amp(X) = {L,M,N). 

The two constructions coincide: Obvious. 

The quantum period: Corollary |C . 2| yields: 



oo oo oo 



^2l+2m+2n 

'^xit) = X] 5m (n)2(m!)2(n!)2 

;=0 m=0 n=0 ^ ' ^ J \ J 

and regularizing gives: 

Gx{t) = 1 + + 90t^ + 1860i^ + 44730i*^ + 1172556*^° 



Minkowski period sequence: |45| 



81. 



Mori Mukai name: 3-28 

Mori Mukai construction: x Fi. 

Our construction: The toric variety X with weight data: 

1 1 L 
11-10 M 
1 1 N 



and Amp(X) = {L,M,N). 

The two constructions coincide: Obvious. 



CO CO oo 



t 



2l+m+2n 



The quantum period: Corollary |C . 2| yields: 

CO 

= (n)2(m!)2(n-m)!n! 

1=0 m=0 n=m \ ' \ ' \ ' 

and regularizing gives: 

Gxit) = 1 + 4<2 + 6t^ + + im^ + mt^ + mof + 11620t^ + 89880t^ 
Minkowski period sequence: _28| 

82. 

Mori Mukai name: 3 29 



Mori— Mukai construction: The blow-up of Bj (see { 52 1 with centre a line on the exceptional divisor 
£> 5^ p2 of the blow-up Br-^V^. 

Our construction: The toric variety X with weight data: 



Xo 


Sl 


S2 


^3 


X 


y 




1 








-1 





1 


L 





1 


1 





-2 


1 


M 











1 


1 


-1 


N 



and Amp X ~ (L, M, N). The secondary fan of X is shown schematically in Fig. [s] 
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-2M + N -L + N 




Figure 8. The secondary fan for X in 3-29 

The two constructions coincide: The morphisni X ^ sends (contravariantly) the homogeneous co- 
ordmate functions [a;o, a^i, a;2, X3] to [xq, Sixy, S2xy,t3xy'^]. 



The quantum period: Corollary |C . 2| yields: 

00 00 Z+m 



^/+m-|-n 



n(m!)2(n - iy.{n - 2to)!(Z + m - n)\ 



1=0 m=0 n=max(/,2m) 

and regularizing gives: 

Gx(t) = l + 2t^ + + 60t^ + 580 f + 840f + 5950t^ + 22680^^ 
Minkowski period sequence: |8| 

83. 

Mori Mukai name: 3-30 



Mori— Mukai construction: The blow-up of Bj (see i 52 1 with centre the strict transform of a line passing 
through the centre of the blow-up P^. 

Our construction: The toric variety X with weight data: 

to h X S2 y X3 



1 1 -1 L 
1 1 -1 M 
1 1 



The two constructions coincide: The morphism X V'^ sends (contravariantly) the homogeneous co- 
ordinate functions [xo, X2, xa] to [tQxy^tixy,S2y,x^]. 



The quantum period: Corollary |C.2| yields: 



00 00 00 



rti-\-2n 



W E E E (i\)2{m - l)\m\in - m)\n\ 

1=0 m=l n=m ^ ' ^ ' ^ ' 

and regularizing gives: 

Gx{t) ^l + 2t^ + Qt^ + 30t'' + 60t^ + AlQf + 1680t^ + 7630t^ + 34440^^ 



Minkowski period sequence: 11 
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Mori Mukai name: 3-31 



Mori— Mukai construction: The blow-up of the cone over a nonsingular quadric surface in with 
the vertex; equivalently, the P^-bundle V{0 ® 0(1, 1)) over x P^. 

Our construction: The toric variety X with weight data: 

So si to h X y 



1 10 0-10 L 
11-10 M 
1 1 N 



and Amp(X) = {L,M,N). 

The two constructions coincide: Obvious. 



The quantum period: Corohary |C . 2| yields: 



C30 C30 OO 

Gx{t) ^ 



7n-\-2n 



^ (Z!)2(m!)2(n-i-TO)!n! 

/=0 m=0 Ti=;+m ^ I ^ I ^ I 



and regularizing gives: 

Gxit) = 1 + + Yit^ + + 120t^ + 560i^ + 840t^ + lOlSOi^ + 38640i^ 



Minkowski period sequence: 14 



85. 

Mori— Mukai name: 4-1 

Mori— Mukai construction: A divisor of multidegree (1, 1, 1, 1) in P^ x P^ x P^ x P^. 

Our construction: A member X of|A + i3 + C + Z)| in the toric variety F with weight data: 

1 1 A 

1 1 B 

1 1 C 

1 1 D 



and Amp(X) = (A, C, D) . 

The two constructions coincide: Obvious. 



The quantum period: Corollary |D . 5 1 yields : 

OO OO OO OO f I u I I 

r I'i^'i - r-4t \^ \^ ^g+fc+c+d [a + o + c + d)\ 
2^ 2^ 2^ 2^^ (a!)2(6!)2(c!)2(d!)2 

a=0 6=0 c=0 d=0 ^ / \ / \ J \ I 

and regularizing gives: 

Gx{t) = 1 + 12t^ + 48i^ + 540i^ + 4320t^ + 42240t^ + 403200t^ + 4038300i^ + 40958400^^ + • • 
Minkowski period sequence: |ill] 

86. 

Mori Mukai name: 4-2 E!l 

Mori— Mukai construction: The blow-up of P^ x P^ x P-'^ with centre a curve of tridegree (1, 1, 3). 



16a 



Mori and Mukai initially missed this variety 48|[52 . We put it where it belongs in their scheme 
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Our construction: A member X oi \B + C + D\ in the toric variety F with weight data: 

xo xi yo yi zq zi u v 

1 1 -1 A 

1 1 -1 B 

1 1 C 

1 1 D 



and Amp F = {A,B,C,D). We have: 

• —Kp = A + B + 2C + 2D is ample, that is F is a Fano variety; 

• Xr^B + C + D is nef; 

• —{Kp + X) ^ A + C + D is nef and big but not ample. 

The two constructions coincide: The curve is a complete intersection of type (1, 2, 1) H (0, 1, 1) in P-'^ x 
X P^, so X is constructed by applying Lemma E.l with 

G = P^ X pi X pi 

V = Ofi xpi xPi (^li 0) ffi CpixPixPi 

W — Opixpixpi (0, 1, 1) 

and f:V^W given by the matrix (A B) where A e T{P^ x P^ x P^; Opixpixpi (1, 2, 1)) and B e 
r(P^ X P^ X P-'^; Opi xpi xpi (0, l, 1)) are the sections that define the centre of the blow-up. 

The quantum period: Let pi, p2, ps, P4 G H*{F;Z) denote the first Chern classes of A, B, C, and D 

respectively; these classes form a basis for H^{F;Z). Write r € H^{F;Q) as t = Tipi + T2P2 + T3P3 + T4P4 
and identify the group ring Q[H2{F;Z)] with the polynomial ring Q[Qi, Q2, Qs, Qjjvia the Q-linear map 
that sends the element G Q[H2{F;Z)] to '''^^Qf '^'^Qf '^^^gf '^"^ . Theorem [ai] gives: 



^ nL-oo(P4 - Pi -p2+kz) 

I\k=°-liPi - -P2 + kz) 

and hence: 

J U\=e^l- V Q?Q2Q3Qfe°"^e''"^e""^e''"^ Ilttf "(^ + P2 + P3 +P4 + kz) 



a,6,c,d>0 

l/c — — 00 



X 



lA; — — 00 

Note that, much as in Example |D.8[ we have: 

/e.B(O) = 1 + f (O3 + Q4 + 2g3Q4)l + (P4 -Vl~ P2) log(l + Q2)) + 0{z 



nfc;-"^(P4 -Pl -p2+kz) 



Arguing exactly as in Example |D.8[ we find that: 

Je.B((p4 - P2-P1) l0g(l + Q2)) = e-(«^ + «^+2Q^'?^)/^4^£(0) 

and: 

-'^e,B((P3 -P2 -Pl)l0g(l +Q2)) = 

Je,i;(0) 



= TT4i'Q2=T|%,Q3=Q3,Q4 = Q4(l + Q2) 



g(P4-P2-Pl) log(l + g2)/2 

Hence, using the inverse mirror map: 

= Q2 = J^ Q3 = Q3 04 = Q4(1-Q2) 

— W2 t — V2 
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we have that Je,£;(0) is equal to: 

g-(P4-P2-pi) I°g(l+Q=)/Ve,£((p4 -P2- Pi) log(l + Q2)) 



_ g(P4-P2-Pl) log(l-Q2)/2 



I-Q2 I-Q2 
g-(Q3+Q4+2Q2Q4)/zj^ ^(-Q^ 



-^iL n„-^iL Q3=Q3,Q4=Q4(1-Q2) 



= r?ii.Q2=T^,Q3=Q3,Q4=Q4(i-Q2) 



Taking the non-equivariant Hmit yields: 

Jyx{0) = e(P*~''2-Pl)log(l-Q2)/Zg-(Q3+Q4 + Q2Q4)x 



X 



Ut=-liPi - Pi - P2 + kz) 



We saw in Example D.8 how to obtain the quantum period Gx from Jy,x{0): wc extract the component 
•(y;Q), set z = 1, and set C 

00 00 00 



along the unit class 1 G H'{Y;Q), set ^ = 1, and set = t'^^-^^) (i.e. set Qi ^ t, Q2 = 1, Q3 = t, and 
Q4 = <). This yields: 

00 00 00 / I OJ, I M 

-3t ,2a+f,+c (a + 26 + c)! 



(a!)2(6!)2(c!)2(a + 6)! 
a=o fc=o c=o V ; V ; V / V ; 

Regularizing gives: 

Gx{t) = 1 + m'^ + + 468t^ + 3360t^ + 31350f^ + 275M0f + 2599380^^ + 24566640*^ + • • • 
Minkowski period sequence: |110| 

87. 

Mori Mukai name: 4-3 

Mori— Mukai construction: The blow-up of the cone Y over a smooth quadric surface S in P"^ with centre 
the disjoint union of the vertex and an elliptic curve on S. 

Our construction: A member X of |2A^| in the toric variety with weight data: 

So si to h X yo yi 

110 0-100 L 
11-10 M 
111 N 



and AmpF = {L,M,N). The toric variety F is the same as for 3-3 (^56) and the secondary fan for F is 
shown in Fig. [T] 
We have that: 

• —Kp — L + AI + 3N is ample, so F is a Fano variety; 

• X - 2A^ is nef; 

• -{Kp + X) ^ L + M + N is ample. 

The two constructions coincide: The variety X is cut out by: 

2/02/1 + a;^^2,2(so, si; io, ^i) = 

where yl2.2 is a generic bihomogeneous polynomial of degrees 2 in sq, Si and 2 in tg, ti. Note the obvious 
morphism tt : F Pj^ x P^^ , and the morphism / : F — G to the double cone G C P^ over P^ x P^ given 
(contravariantly) by [2/0,2/112/2,2/3,2/4,2/5] ^ [yQ,yi, Sot^x, Sotix, SitQX, sitix]. The exceptional set of / is the 
divisor £■ = (x = 0) = V]^^^^ x Vl^ t^ x P^^ that maps to ^l^^y^ C G. Note that E Ci X is two copies of 
^lo,si ^ ^to,tiJ 0116 above [yo ■ yi] = [1:0] and one above [yo : yi] = [0:1]. This explains how X has rank 4 
when F has rank 3. 
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To see that our construction coincides with the construction of Mori-Mukai, set W = ,f{X), note that: 

W = {yavi + A2iy2,y3,y4,y5) = 0) c G 

for some degree 2 homogeneous polynomial A2 , and note that the morphism f : X ^ W contracts one copy 
of PL X j^, with normal bundle ©(—I, —1), to each of the two singular points W D Pyg^y-^- Consider 
next the rational projection g: G — P^^ which omits the homogeneous co-ordinate yQ. It is clear that 
g\w- W P** is birational onto its image Y (the cone over P-'^ x P^), that it extends to a morphism after 
blowing up the singular point [1 : : : : : 0] G W, and that this morphism contracts the surface 
(yi = ^2(^2, 2/3, y4, 2/5) = 0) C W to the elliptic curve (yi = A2 (2/2, 2/3, 2/4, 2/5) = O) C F. 



The quantum period: Corollary |D . 5 1 yields : 



00 00 00 



a!)2(m!)2(n-?-m)!(n!)2 

1=0 m=On=l+m \ / \ J \ / \ J 

and regularizing gives: 

dx{t) = 1 + lOt^ + + im^ + 1680^^ + 16300*^ + 115920^^ + 1040830^^ + 8403360i^ + • • • 
Minkowski period sequence: |88| 

88. 

Mori Mukai name: 4-4 

Mori— Mukai construction: The blow-up of P^ x P^ x P^ with centre a curve F of tridegree (1,1,2). 

Our construction: A member X oi \ A + B + D\ m the toric variety F with weight data: 

xq xi 2/0 2/1 zo zi u V 

1 1 A 

1 1 B 

1 1 -1 C 

1 1 D 



and Amp F = {A, B, C, D) . We have: 

• —Kp = 2A + 2B + C + 2D is ample, that is is a Fano variety; 

• X A + B + D is nef; 

• ~{Kf + X)r^A + B + C + D is ample. 

The two constructions coincide: We can take F C Pi „ x „ x P^ , to be parameterised as 

[xq : Xi : yo ■■ yi : zq : zi] [sq : si : sq : si : si : sf] 
thus F is the complete intersection in P^ x P^ x P^ given by the equations xo2/i — 2^12/0 = zixgyo — zgxiyi = 0. 



Now apply Lemma E.l with: 

G P^ X pi X pi 

V = Opixpixpi (0, 0, —1) © Opixpixi 
W = Opixpixpi (1,1,0) 
and f: V W given by the matrix (21X02/0 — z^xiyi x^yi — Xiyo). 



The quantum period: Corollary |D . 5 1 yields : 

CX2 00 00 00 JM 

r (f) = p-^*S^S^S^S^ .a+b+c+d {a + o + ay- 

) e (a!)2(6!)2(c!)2(rf_c)!d! 

a=0 6=0 c=0 d=c \ ) \ ) \ I \ ) 

and regularizing gives: 

Gxit) = 1 + 8t2 + 2M^ -I- 216^*^ -I- 1320i^ -f 10160t^ + 74760t^ + 584920i^ -f 4598160^^ ^ ■ ■ 
Minkowski period sequence: 83, 
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89. 

Mori Mukai name: 4-5 

Mori— Mukai construction: The blow-up of 1^3-19, which is the blow-up of a quadric 3-fold Q C with 
centre two points Pi and P2 on it which are not collinear (see ^ 72 1, with centre the strict transform of a conic 
containing Pi and P2- 

Our construction: A member X of |2A^| in the toric variety F with weight data: 

So si X X2 y X3 2/4 

1 1 -1 L 
00 11-100 M 
1 1 1 TV 



and Amp F = {L, M, N) . We have: 

• —Kp — L ^ M + 3N is ample, that is is a Fano variety; 

• X r^2N is nef; 

• -{Kp + X) ^ L + M + N is ample. 

The two constructions coincide: The complete linear system |A^| defines a morphism F ^ P'^ which 
sends (contravariantly) the homogeneous co-ordinate functions [xq, xi^ X2-, X3, X4] to: 

[soxy,sixy,X2y,X3,X4] 

This morphism identifies F with the blow-up of the line {x2 = 0:3 = a;4 = 0) C followed by the blow up of 
the proper transform of the plane (2:3 = a;4 = 0) . The variety X is the strict transform of a general quadric 
in P^: in other words, X is a general member of the linear system |27V| on F. 

Remark: Note that X has rank 4 even though the ambient space F has rank 3; there is no contradiction 
here because 2N is not ample on F. 



The quantum period: Corollary |D . 5 1 yields : 



00 00 00 



2 



(U)^(m — l)\m\(n — m)l(n\) 

1=0 m=l n=m \ J \ ) \ J \ J 

and regularizing gives: 

Gx{t) = l + Qt^ + 24t^ + 138<^ + 960i^ + 6180t^ -I- 43680t^ -I- 311850t^ -I- 2274720i^ 
Minkowski period sequence: 68. 



90. 



Mori— Mukai name: 4-6 



Mori— Mukai construction: The blow-up of P^ x P^ with centre two disjoint curves, one of bidegree (1, 2) 
and the other of bidegree (0, 1). 

Our construction: A member X of |C + Z3| in the toric variety with weight data: 

So Si to ti X X2 u V 

1 10 0-1 0-10 A 
1 1 -1 B 
1 1 c 
1 1 D 

and AmpF = {A,B,C,D). 
We have 

• —Kp ^ B + 2C + 2D is nef and big but not ample; 

• X ^ C + D is nef and big but not ample; 

• —{Kp + X) ^ B + C + D is nef and big but not ample. 
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The two constructions coincide: The variety X is cut out by: 

VX2 + uxA2^i{so,si;to,ti) = 
Note the obvious morphism tt: F G with fibre ^ , where G is the toric variety with weight data: 

So Si to tl X X2 

110 0-10^ 
1 1 B 
1 1 C 



and AmpG = {A,B,G). The birational morphism G xi X2 ^ ^to ti given (contravariantly) by 

[xo,xi,X2,to,ti] i-> [sox,six,X2,to,ti] identifies G with the blow-up of the curve {[0:0: 1]} x C x P^; 
this curve has bidegree (0, 1). The equation defining X has degree 1 in P^ ^: it follows that the morphism 
n\x'- X ^ G is birational and blows up the locua^ (x2 — A2,i(soi ^i; ^Oi ^i) = 0) C G. 



The quantum period: Let pi, P2,P3,P4 G H'{F:Z) denote the first Chern classes of A, B, C, and D 

respectively; these classes form a basis for i/^(F;Z). Write r S iJ^(F;Q) as t = Tipi + T2P2 + T3P3 + T4P4 
and identify the group ring Q[H2{F;Z)] with the polynomial ring Q[Qi, Q2, Qs, (94] via the Q-linear map 
that sends the element Q^^ e Q[H2{F;Z)] to '^^^gf '^'^gf ^^'^gf We have: 

/ (t) = e^/^ V Q?Q^Q§Qfe°"^e''"^e^"3e'^"^ 



a,b,c,d>0 



nL-oo (P3 -Pi + kz) nL-oo (P4 -pi-P2 + kz) 
n^r.ooba - Pi + kz) Y{i-j_-^{p, -p,-P2+ kz) 



Since: 



Ip{t) ^l + Tz-' + 0{z-^) 



Theorem C.l 



gives: 

Jf{t) - If{t) 

We now proceed exactly as in the case of 3-1 (^54|), obtaining: 



00 00 00 00 /" JM 



a=0 b=0 c=a d=a+b \ ) \ > \ I \ I 

Regularizing gives: 

Gxit) = 1 + + + 192<'* + 960i^ + 7550t^ + 49980<^ + 374080t^ + 2741760i^ + • • • 
Minkowski period sequence: 81, 

91. 

Mori Mukai name: 4 7 

Mori— Mukai construction: the blow-up of P^ x P^ x P^ with centre the curve of tridegree (1, 1, 1). 

Our construction: A codimension-2 complete intersection X of type D n D in the toric variety F with 
weight data: 



Xq 




2/0 


yi 


^0 




Uo 




W2 




1 


1 














-1 








A 








1 


1 











-1 





B 














1 


1 








-1 


C 




















1 


1 


1 


D 



and Amp F = (A,B,C,D). We have: 

• —Kp ~ A + B + C + 3D is ample, that is F is a Fano variety; 

• AT is complete intersection of two nef divisors on F. 



17- 



Note that, with our choice of stability condition for F, {x2 = a: = 0) C is part of the unstable locus. 
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-{Kp + A) r^A + B + C + D is ample. 



The two constructions coincide: Without loss of generality, the curve to be blown up is defined in 

ml y ml 
xo,xi ^ yo,yi 



X Ft „ X Fi ^ by the condition: 



Now apply Lemma |E . 1 1 with 



rk r° ^" '°1<2 
\xx yi zi 

G = X X 

V = Opixpixpi(-l, 0, 0) © C'pixpixpi(0: -1,0) © C'pixpixpi(0, 0, -1) 

W = Opi xpi xPi ffi Opi xPi xPi 

and the map f : V ^ W given by the matrix: 

'xq yo zq 
xi yi zi 



2 



oo oo oo 

+b+c+d 

(a!)2(6!)2(c!)2(d - a)l{d - b)l{d - c)! 



The quantum period: Corollary |D . 5 1 yields : 

CX3 oo oo OO 

a=0 &=0 c=Q d=inax(a,6,c) 

and regularizing gives: 

Gxit) = l + 6f + mt^ + 114<^ + 720f^ + 4290<^ + 28980*'' + 193410t® + 1320480i^ + • • • 
Minkowski period sequence: |65| 

92. 

Mori Mukai name: 4-8 



Mori— Mukai construction: The blow-up of W (a divisor of bidegree (1, 1) in P^ x P^; see ^9 ) with centre 
two disjoint curves on it, of bi-degree (0, 1) and (1, 0). 

Our construction: A member X of |i? + I?| in the toric variety F with weight data: 

So si X X2 to h y 2/2 

11 -1 000 00 A 

1 1 B 

1 1 -1 C 

1 1 D 



and Amp F = {A,B,C,D). We have: 

• —Kp = j4 + 2B + C + 2D is ample, that is F is a Fano variety; 

• X B + D is nef. 

• -{Kp + X)^A + B + C + D is ample. 

The two constructions coincide: We take W to be the divisor: 

W = {xoyo + + X2y2 = 0) c P^„,,,,,, X Vl^^y^^y^ 

It is clear that the morphism / : F — > P^xP^ which sends (contravariantly) [xq, xi,X2,yo, J/ii 2/2] to [sqx, six, X2, t^y, tiy, 1/2] 
blows up the disjoint union of {xq = xi = Q) and {yo = yi = 0) in P^ x P^. This morphism induces the 
required blow-up of W. 



CX2 00 00 00 /7 , J\l 

+b+c+d 1^ + '^)' 



The quantum period: Corollary |D . 5 1 yields 

00 00 00 

Gx{t) = e '*EEEE^" (a!)2(6-a)!6!(c!)2(d-c)!(i! 

a=0 b=a c=0 d=c \ J \ J \ / \ I 

and regularizing gives: 

Gx(t) = 1 -f YM?- -t- 114i-* -f 480t^ 3480t^ -h 19320i^ 131250t^ -t- 819840t^ 
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Minkowski period sequence: [5^ 

93. 

Mori Mukai name: 4-9 

Mori— Mukai construction: the blow-up of x x P^ with centre a curve of tridegree (0, 1, 1). 

Our construction: A member X of \D\ in the toric variety F with weight data: 

xo xi yo yi zq zi u v 

1 1 -1 A 

1 1 -1 B 

1 1 -1 C 

1 ID 



and Amp F = {A, B, C, D). We have: 

• —Kp = A + B + C + 2D is ample, that is F is a Fano variety; 

• X ^ D is nef. 

• -{Kp + X)-^A + B + C + D is ample. 

The two constructions coincide: The curve to be blown up is the complete intersection: 

(zo = xoyo + xiyi = 0) C P^,,,,^ x P^,,,^^ x P^^^,^ . 



We apply Lemma E.l with: 

G = pi X pi X pi 

V = Opixpixpi (0, 0, —1) © Opixpixpi (-1,-1,0) 

W = OpixpixPi 

and the map f : V ^ W given by the matrix (zq xoyo + xiyi) . 



The quantum period: Corollary |D . 5 1 yields : 



OO CO CO 

ia-\-b+c+d 



dl 



Gx{t) e (a!)2(5!)2(c!)2(d-c)!(d-a-5)! 

a=0 b=Q c=0 d=max(a+&,c) \ ) \ ) \ J \ J \ J 

and regularizing gives: 

Gx{t) = 1 + + I2t^ + 90*"* + 480t^ + 2400*^ + 16800i^ + 88410i^ + 608160i^ + • • • 
Minkowski period sequence: [54| 

94. 

Mori Mukai name: 4-10 

Mori— Mukai construction: The blow-up of I3--25, which is the blow-up of P"^ with centre two disjoint 
lines (see ^78 1, with centre an exceptional line of the blow-up F — > P'^. 

Our construction: The toric variety X with weight data: 

So si t2 h X y z 

1 1 -1 A 

1 1 -1 B 

-1 1 1 C 

1 1 0-1 D 



and AmpX = {A,B,C,D). 
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The two constructions coincide: The morphism X H> P"^ is given by the complete hnear system |C|. It 
sends (contravariantly) the homogeneous co-ordinate functions [xo,xi,X2,X3\ to [sqxz, Sixz,t2y,t3yz]. The 
morphism blows up first the lines {xq — xi = 0) (the image of the divisor x = in X) and (x2 = = 0) 
(the image of the divisor j/ = in X), and then the fibre over the point [0:0:1:0] (the image of the divisor 
z = in X). 



The quantum period: Corollary |C . 2| yields: 

oo oo oo b+d ^a+b+c+d 

<^^(^)=mm H (a!)26!(6 - c + d)!(d - a)!(c - 6)!(c - d)! 

a=0 fc=0 d=a c=max(6,d) ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 

and regularizing gives: 

Gxit) = 1+ + 12^3 + 60t'^ + 300t^ + 1660i^ + 8820t^ + 51100t* + 29316Qt^ + • • • 
Minkowski period sequence: [37| 

95. 

Mori Mukai name: 4-11 

Mori Mukai construction: 6*7 x P^. 

Our construction: S7 x P^. 

The two constructions coincide: Obvious. 

The quantum period: Combining Corollary |E.4| with Example |G . 1 1 and Example |G.5| yields: 

^a+b+c+2d 

'^x{t) = Y,Yl H a\b\{a + b - c)!(c - a)!(c - 6)!((i!)2 

Regularizing gives: 

Gxit) = 1 + + 6^"^ + 90t-* + 240^5 + I950t^ + 84Q0i^ + 53130t® + 288960<^ + • • • 



Minkowski period sequence: 48 



96. 

Mori Mukai name: 4-12 

Mori— Mukai construction: The blow-up of P^ x Fi with centre txe, where t gP^ and e is the exceptional 
curve on Fi. 

Our construction: The toric variety X with weight data: 



yo 


y'l 


So 


Si 


X' 


X2 


w 




1 











-1 





1 


A 








1 


1 


-1 








B 





-1 











1 


1 


C 





1 








1 





-1 


D 



and AmpX = {A,B,C,D). 

The two constructions coincide: Let [j/o : yi] be homogeneous co-ordinates on P-'^, and recall that Fi is 
the toric variety with weight data: 

So Sl X X2 

11-10 L 
1 1 M 

The morphism X — > P^ x Fi is given (contravariantly) by: 

[2/0, yi, So, si, a;, X2] i-> [yo, y[w, sq, si,x'w, X2] 
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The quantum period: Corollary |C . 2| yields: 

oo oo oo a+c ^a+b+c+d 

<^^W=ZlZm Yl aUd - c)Ubiy(d -a- bV.cUa + c - d)! 

and regularizing gives: 

Gxit) 1 + + 12^3 + 36t4 + aoot^ + 940t^ + 6300t^ + 31780t^ + 157080t^ 
Minkowski period sequence: |34| 

97. 

Mori Mukai name: 4-13 



Mori— Mukai construction: The blow-up of ^2^33, which is the blow-up of with centre a line (see ^ 50 ), 
with centre two exceptional lines of the blow-up F P^. 

Our construction: The toric variety X with weight data: 



11 -1 00 A 

-1 1 1 B 

110-1 C 

00 101 0-1 D 



and AmpX = {A,B,C,D). 



The two constructions coincide: Recall from \ 50 that I2-33 is the toric variety with weight data: 

So Si X X2 X3 

11-10 
111 

and that the morphism I2-33 P"^ sends (contravariantly) the homogeneous co-ordinate functions [xq, Xi,X2, X3] 
on P'^ to [soX,SiX,X2,X3]. The blow-up X — >■ I2-33 is given (again contravariantly) by [sq,Si,x,X2,X3] i— >■ 

[sq, Si,UVX, UX2JVX3]. 



The quantum period: Corollary |C . 2| yields: 



00 oo b b ,a+b+c+d 



(a!)2(c + d-a- bV.ddUb - c)!(6 - dV. 

a=0 b=0 c=0 d=max(0,a+6-c) ^ ^ ^ / \ J \ J 

and regularizing gives: 

Gxit) = 1 + 4<2 + 6t^ + GOf^ + 120t^ + 1210t^ + 3360t^ + 27580i^ + 97U0t^ + ■■■ 
Minkowski period sequence: |29| 

98. 

Mori Mukai name: 5-1 

Mori— Mukai construction: The blow-up of I2-29, which is the blow-up of a quadric 3- fold Q C P'^ with 
centre a conic on it (see ^46), with centre three exceptional lines of the blow-up y — > Q. 
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Our construction: A member X of \2A + 2B + C ^ D + E\ in the toric variety F with weight data: 

ZO Zi Z2 S3 S4 X ti2 to2 toi 



111110 0^ 

1 1 1 1 B 

100000 1 c 

010000 1 D 

001000 1 E 



and Amp F ^ {A, A + B + D + E, A + B + C + A + B + C + D, A + B + C + D + E,2A + 2B + C + D + E). 
We have: 

• -Kp = 5A + AB + 2C + 2D + 2E = 2{2A + 2B + C + D + E) + (A) is nef and big but not ample; 

• Xr^2A + 2B + C + D + Eis nef. 

• ~{Kf + X) ^ 3A + 2B + C + D + E is nci and big but not ample. 

The two constructions coincide: There is a morphisrrp^ F given by the complete linear system 

\A + B + C + D + E\] it sends (contravariantly) the homogeneous co-ordinate functions [xq, xi, X2, X3, X4] on 
to [-20^02^01, -^1^12*01, ^2^12^02, S3xti2to2toi, S3xti2to2toi]. This morphism can be factorized by first blowing 
up the plane IT = {x^ = a;4 = 0) C P'*, and subsequently blowing up the three fibres over the co-ordinate 
points Po = [1 : : : : 0], Pi = [0 : 1 : : : 0] and P2 = [0 : : 1 : : 0] in n. Thus we can take X to be 
the proper transform of any quadric Q C P^ containing the three points Pq, Pi, P2 but not containing the 
plane IT, for instance the quadric given by the equation: 

xqXi + X1X2 + X2Xa + 2:3 -I- 2:4 = 
The quantum period: Corollary |D . 5 1 yields : 



00 00 00 00 00 to \ Oh \ \ ^ \ \\ 
f< -3t .3a+26+c+d+e (,/:q + + C + O + ej! 

2^2^2^2^L^ (a + & + c)!(a + fe + d)!(a + 6 + e)!(a!)26!c!d!e! 

a=0 fc=0 c=0 ci=0 e=0 ^ ' / V ' ' / >, ' ' I \ I 

and regularizing gives: 

Gx{t) = 1 + 10<^ + 42^3 + 342t'' -h 2640t^ + 21250<^ + 180600t^ + 1562470t* + 13851600t^ + 
Minkov^rski period sequence: jl00| 

99. 

Mori Mukai name: 5-2 

Mori— Mukai construction: The blow-up of 13-25, which is the blow-up of P'^ with centre two disjoint 



lines (see ^78), with centre two exceptional lines I, I' of the blow-up /: F — >■ P^ such that I and I' lie on the 



same irreducible component of the exceptional set of /. 

Our construction: The toric variety X with weight data: 

So si t2 H X y 



1 1 -1 A 

00 11 0-1 OOP 

1 1 -1 C 

1 1 -1 D 

0-1-1-1 1 1 1 E 



and AmpA = {A,B,C,D,E,B + C + D - E). 



^^The class —Kp belongs to 7 simplicial cones and a non-simplicial cone (the one that we chose to be Amp_F). It turns out 
that the class 2A + 2B + C + D + E also belongs to all of these cones. However, only one of these cones contains A+B + C+D + E: 
this is the cone that we chose to be Amp F. 
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The two constructions coincide: Consider the morphism / : X ¥^ given by the complete hnear system 
E. The morphism / sends (contravariantly) the homogeneous co-ordinate functions [ccq, 2:2, ^3] on P"^ to 
[sqxuv, Sixuv,t2yv,t3yu]; it contracts: 

• the divisors (x = 0) and (y = 0) to the hues Xq — xi = and X2 — x^ = 0, and 

• the divisors (u = 0) and {v = 0) to the points Pq = [0 : : : 1] and Pi = [0 : : 1 : 0]. 

The quantum period: Corohary |D . 5| yields : 



00 00 00 00 



a=0 b=0 c=0 d=0 

minib+c,b+d,c+d-a) .a+b+c+d 

E 



e-max(& c d) ("'^^^^ + " ""^'^^ + ^ " ^^'^^ + d - o - e)!(e - 6)!(e - c)!(e - d)\ 
and regularizing gives: 

Gx{t) = l + + + 114<^ + 660i^ + 3930t^ + 25620t^ + 163170t^ + 1101240i^ + • • • 
Minkov^rski period sequence: ^64j 

100. 

Mori Mukai name: 5 3 

Mori— Mukai construction: 5*6 x P^. 

Our construction: Sq x P^. 

The two constructions coincide: Obvious. 

The quantum period: Combining Corollary |E.4| with Example |G.l| and Example |G.6| yields: 

cx) 00 00 a+b 00 ^a+2b+2c+d+2e 

Gx(i) = XmE E E a\b\c\d\{a + b ~ d)\ic + d- a)!(e!)2 

a=0 b=0 c=0 d=max(a-c,0) e=0 ^ ' ^ ' ^ ^ 

Regularizing gives: 

Gx{t) = 1 + + 12t^ + 168t^ + 600t^ + 5300t^ + 27720t^ + 210280t** + 1308720i^ + • • • 
Minkowski period sequence: TQ^ 

101. 

Mori Mukai name: 6-1 

Mori— Mukai construction: 6*5 x P^. 

Our construction: ^5 x P^. 

The two constructions coincide: Obvious. 

The quantum period: Combining Corollary |E.4| with Example |G. 1| and Example |G . 7| yields : 

,i+m+2« + 



00 00 00 



Regularizing gives: 

Gxit) = 1 + 12<2 + 30^3 + 396i* + 2160i^ + 20370t^ + 149520^^ + 1315020iS + 10864560i^ 
Minkowski period sequence: |107| 

102. 

Mori Mukai name: 7-1 

Mori Mukai construct ion: S4 X P . 
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Our construction: ^4 x P^. 

The two constructions coincide: Obvious. 



The quantum period: Combining Corollary |E.4| with Example |G . 1 1 and Example |G.8| yields: 

Gx{t)-e l^l^t 

Regularizing gives: 

Gxit) = 1 + 22i2 + 96t^ + 1434t'* + 12480t^ + 148900t^ + 1606080t^ 

+ 18905530t*^ + 220617600t^ 

Minkowski period sequence: |136| 

103. 

Mori Mukai name: 8-1 

Mori— Mukai construction: 6*3 x P^. 

Our construction: ^3 x P^. 

The two constructions coincide: Obvious. 

The quantum period: Combining Corollary |E.4| with Example |G.l| and Example |G.9| yields: 

00 00 



a!)4(TO!)2 

;=o m=0 \ ) \ I 

Regularizing gives: 

Gx{t) = 1 + hU^ + 492t3 + 10536t'^ + 168600<^ + 3180980^^ + 58753800t^ 

+ 1129788520^** + 21955158960i^ + • • • 

Minkowski period sequence: |155| 

104. 

Mori Mukai name: 9-1 

Mori Mukai construction: 6*2 x P^. 

Our construction: ^2 x P^. 

The two constructions coincide: Obvious. 

The quantum period: Combining Corollary |E.4| with Example [GA] and Example |G.10| yields: 

00 00 ( AlW 

Gx(t)-e l^l^t (;,)3(2^),(^,)2 

1=0 m=0 y J \ ^ \ I 

Regularizing gives: 

Gx{t) = 1 + 278^2 + 6816i3 + 317850<* + 12989760^^ + 578870180*^ + 26074520640t^ 

+ 1202038745530i** + 56188933046400i^ + • • • 

Minkowski period sequence: None. Note that the anticanonical line bundle of ^2 x P^ is not very ample. 

105. 

Mori Mukai name: 10-1 

Mori Mukai construction: S\ x P^. 
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Our construction: Si x P^. 

The two constructions coincide: Obvious. 



Gxit) 



oo oo 
-60t \ ^ \ ^ ,l+2m 



The quantum period: Combining Corollary |E.4| with Example |G . 1 1 and Example G.ll yields: 

(60! 

(11)^(1 

1=0 m=0 

Regularizing gives: 



(;!)2(2/)!(30!(to 



h2 



Gxit) = 1 + 10262^2 + 2021280*^ + 618997146*" -I- 184490852160t^ + 57894898611620*'^ 

+ 18577980262739520*^ + 6078628630941923770*^ + 2017980469547810194560*^ + • • • 
Minkowski period sequence: None. Note that the anticanonical line bundle of 5*1 x is not very ample. 

Conclusion 

This completes the calculation of the quantum periods for all 3-dimensional Fano manifolds, and the proof 
It also completes the proof of our conjecture with Golyshev 



of Theorem A.l 



10 : that there is a one-to-one 



correspondence between deformation families of smooth 3-dimensional Fano manifolds X with very ample 
anticanonical bundle and equivalence classes of Minkowski polynomials / of manifold type, such that the 
regularized quantum period Gx of X coincides with the period Try of /. 

106. A Fano Manifold With Non-Unirational Moduli Space 

We conclude by giving an example of a Fano manifold X such that the moduli space of X is not unirational. 
The manifold X has complex dimension 66 and, since unirationality of moduli spaces is a straightforward 
consequence of Theorem ] A. 1[ this example shows that the analog of Theorem | A. 1 1 fails in dimension 66. The 
same technique allows one to construct Fano manifolds X^k of dimension 3k for every k > 22 such that the 
moduli space of X^k is not unirational. Let C be a smooth curve of genus 23, let L be a line bundle of degree 1 
on C, and let X be the moduli space of stable vector bundles over C of rank 2 with fixed determinant L. 
It is known that X is a non-singular projective variety [6l] which is Fano [66] . The moduli space of X is 
isomorphic to the moduli space of curves of genus 23 69 §2], which has non- negative Kodaira dimension 30 
and thus is not unirational. 

Appendix A. Laurent Polynomial Mirrors for 3-Dimensional Fano Manifolds 

The table below exhibits Laurent polynomial mirrors for each of the 105 deformation families of 3- 
dimensional Fano manifolds. The 'Method' column summarizes the method by which we computed the 
quantum period in each case: "Quantum Lefschetz" means "Quantum Lefschetz with Fano ambient space 
and no mirror map" ; "Quantum Lefschetz with weak Fano ambient" means "Quantum Lefschetz with non- 
Fano but weak Fano ambient space" ; "Quantum Lefschetz with mirror map" means "Quantum Lefschetz with 
non-trivial mirror map"; and other entries should be self-explanatory. The 'Minkowski ID' column records 



the ID in the Graded Ring Database 14 of the corresponding Minkowski period sequence of manifold type; 



there are only 98 non-trivial entries in this column as only the 98 deformation families of 3-dimensional 
Fano manifolds with very ample anticanonical bundle give rise to Minkowski polynomial mirrors. There are 
in general many Minkowski polynomials (and infinitely many other Laurent polynomials) mirror to a given 
3-dimensional Fano manifold, but we have listed only one such Laurent polynomial in each case. 



Tallin 1: Mirror Laurent polynoriiials for 8-(liiiioiisioiial Faiio riiaiiifolds. 



Name Degree 



Laurent polynomial 



Method 



Minkowski ID 



V2 



Ve 

Vs 
Bi 

Vio 

Vl2 

Vl4 
Vl6 
B2 

Vis 
V22 
B3 



10 

12 

14 
16 
16 
18 
22 
24 



xy^ + 6x2/^2: + 6xy^ + Ibxy^z'^ + 30xy'^z + 15a;i/'' + 20a;i/3z3 + GOxy^z'^ + 
60a;y3 z + 20xy^ + 15a;j/2 2* _,_ gOxj/^ ^3 + gOa;?/^ + 60a;y2 z + 15xy'^ + 6xyz^ + 
mxyz'^ + mxyz^ + GOxyz'^ + SOxyz + 611/ + xz'^ + 6x25 ^ 15x2"* + 20x2^ + 

180 I 60 I aoz" I 
y'-' 

12qz^ _|_ 180z I 120 I 30 I I 30z^ 

" ^ 1?" J/''' 

I 90 I 180 I 90 

60 



15xz'^+6xz+x+^+30y+'^+60z+^ + ^ + i^ + ^ + '- 

z ^ z z y y y yz 

60z^ I 60z I 30 _L 6 I 
y''' y'-' y^ v'z 

I 6(lz I 180 I 180 I 6J) I 
2-^ a^y^ xy^' xy^' z xy^' z^ xy^' 
20 I 60 I 60 I 60 I 120 



y 

60 



y 

60 



15z^ 



6O2 



xy" 



60 



90 



15 



x^y^~z^ 



60 



I H ■ H n — T 

xy^' z xy^' z^ 

20 , 60 _| 

— 7 — n ^ — ^ — n — T " 

x-^y-^ x y^ z X y z^ 

15 , 30 _|_ 15 _| 
x'^y^'^ x'^y^^ z"^ x'^y^^ z^ 



20 



15 



30 



30 



4a:?; 

122 



-Axy'z + Axy' +6xy z 



,2,2. 



4 

n:^ 1(3 J.2 



- X2 
_ 12 



- 4X2^ - 

^ + 

yz 

4 _ 



- 6xz 

C2^ 3:y2 

1 

-n3„4,4 



4X2 



12xj/^z + 6x2/^ + Axyz'^ + 12xyz-' + 12xyz - 

122+12 + 42^. 
z ' y 



-x+^ + 12y- 



12 



6 



12 



xy^z 



2,2 



x-^y-^z^ x^y^z'^ x^y^z^ 

6 xy^z^ + 3x2/^2^ + Sxy^z + xj/^ + 2xyz''' + 6xyz'^ + 6x;yz + 2x-y + xz'"* + 
^2 j_ _i_ ^ _i_ q,,^ J_fi,, 4_i^+52+- + — + - + — 4- — -I + 



3x2-^ + 3x2 + X + 31/2 + 6?/ + ^ + 62 + + ^ + 5^ + ^ + ^ 

^ ^ 2 2 y 1/2 XZ 

6 1 6 .. I 3 I 3 I 1 I 2 I 1 
xyz xyz'^ xy^ z xy^ z^ x'^yz^ x y z^ x'^y^z^ 

xj/2 + 2x^2^ _|_ i^xyz + 2xy + xzf^ + 4x2^ + 6x2^ + 4x2 + x+^+4z+^ 



xz 

2 







2 


xyz^ 


4X2^ 4 


- 6X2^ - 


'tAxz 






2 


- A4 


- 

a;2^ 


a:2^ 



+ 



+ 



1 

;3„2.4 



4x2 + X + 1/2 + 4j/2 + 62/2 + 42/2 + 2/ - 



4 



J/Z'' 



xy^ z 



xyz^ + 3xyz + 3xyz - 



— -j- 4- — -}- ^ ;[ 3 I 

y yz X xz xyz xyz 



xy + X2 + 2X2 + X + 2/2 

3 ^ + 1 . 1 

xy'^z'^ X^yz^ 

2 _ 



■ 22/2 + 2/ - 
1 

3.2jy2^3 



■32+1 



x^i/''^ + x^y z + 2x:y^2 + xy^ + 2x1/2 + 2x2/ + X + 2/2 + 3j/ + 2 + ^ + ; 

3,1,3,1 



a:2 xy 



iryz j-y^ xy' 

,3 , q,„,2_ 



X2 + X+;^+l/2-'+3l/2^+3l/2 + 2/ + 2+f 4-^ + ^ 



X - 



2x 

yz 



y^ z^ 



- 2z - 



_2_ 

xz 



y 

xy 



yz yz 
xyz 



1 

xyz 
1 



X2/ 4- 2x2/2 4- 2x2/ + + 2x2 + x + 
X2/2 + 2xj/ + x + 22/ + 2+i + | + ^ + i + || + ^ 

i+ 1 



X2/4- 



- X ■ 



■y+- 



+ y + z + 



+ z 
2 J 



22 I 
y 

J_ + 2 

xz X 



yz 

y y' 



x^y^ z'^ 
xy'^ 



+ 



Weighted projective complete intersection 



Quantum Lefschetz 

Quantum Lefschetz 
Quantum Lefschetz 

Weighted projective complete intersection 

Abelian / non- Abelian correspondence 

Abelian/non-Abelian correspondence 

Abclian/non-Abclian correspondence 
Abelian/ non- Abelian correspondence 
Weighted projective complete intersection 
Abelian / non- Abelian correspondence 
Abelian/non-Abelian correspondence 
Quantum Lefschetz 



n/a 



165 



164 

163 

n/a 

160 

150 

147 
143 
140 
124 
113 
106 



D 
> 

c: 
g 

>D 
H 

I— I 

o 
a 

cc 

•fl 

O 

o 

g 
> 

I— I 

o 
f 
a 
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Table 1: Mirror Laurent polynomials for 3-dimensional Fano manifolds - continued from previous page 



Name Degree 



Laurent polynomial 



Method 



Minkowski ID 



B4 


32 




Quantum Lefschetz 


75 




40 




Abelian / non- Abelian correspondence 


46 




54 




Quantum Lefschetz 


3 


p3 


64 


^ xyz 


Toric variety 


1 



x'^y^ z^ +x^y'^z^ -\-V)X^y^ z^ -\-QOx-y- z- -\- lox- y- z- -\- ox- y- z- -rox-yz 

eOx'^y'^z-' + eOx^y^z'^ + Gx^y^z^ + Sx^yz"^ + 3x^yz^ + Sxy'^z'^ + 3xy^z 
20xyz-' + 90xyz^ + SOxyz + xy + 6xz + x + 6yz + ^+ ^ + 4. + ^ + ^ 
_3_ j_ _3_ j_ 15 j_ 60 j_ 15 _| s ^ 

15 „ 

TO 



Qx^yS^is _,_ i5j;5j,52,12 _,_ 30xiyiz^° + 20x'^y'^z^ ■ 
^y^z^ +mx^y'^z'' + 15x^1/3 + 3x3^2^6 +3-r2^3^ 

f Qx'^y'^z^ + Sx^yz'^ + Sx^j/z^ _^ Sxy'^z^ + Sxy^z' 



2-1 



2-2 



2-3 

2-4 

2-5 
2-6 

2-7 

2-8 

2-9 

2-10 

2-11 

2-12 



10 

12 
12 

14 

14 
16 
16 
18 
20 



3^ 

xz 



xz'^ xyz 



X 



xy 



: xz" xyz" xyz'^ 
1 , 1 I 6 

" + 2xyz + 2a;j/ + xz^ + 2xz + x+ ^+iy+^+6z + 

j_ j_ _L 4z^ _L _i_ A J L 

y2 



-,3 



60 -U it , 

3 , 30 , 20 
X yz^ x-^y-^z'^ x^y^z" 
1 



xy 

y yz y' 

12 _|_ 4z^ _|_ 



+ 4 



I 12z 

xy^z ' xy^ xy^ 

6 I 4 _|_ 4 
X'^y'^z x'^y^z x^y^ 



6z 

a 

12 _j 4 

xy-* xy 
4 

.3^5 



xz 



12 
xy 



12 
xyz 



x-'y^ z 



— 1~ — '> — 9 

: x^y^z 

^2, ,2 .,2 



12 , 12 
''?/'^ X y^z 



x-^y 



+ 1% + 
xy^ 

x^y** 



+ Quantum Lefschetz with mirror map 



14z 

y 

25 
xy5 
12 
x^y' 



a::^y°2^ + 4a;^?/**2^ + 6a;^y'^z^ + 4x^y^z^ + x^yz^ + xy'^2^ + 4xj/^z + 2a;y^2'^ + 
12x5/22 + x?;2 + xj/22 + 12XJ/2 + 2xj; + 4x2 + x + 2yz + 6y + 2z+^ + - + 
^ + + 4 ,1,1 

xy xyz xy^z 



yz 



xy-^z 



,2^2 



2 1(3 ?:2 



x^y-'z 



xyz^ + 3xyz^ + 3x^/2 + xj/ + xz^ + 2xz + x • 



■ yz' 



2_ 

yz 



4 
xyz 



3 

xyz^ 



— 7 — T ~r — !5 — 7 
xy^ z'^ x'^yz^ 



■ 2yz + y + 4z + 
1 



. 2 , y .3m I JL. 

y xz X xz 



x^j/z^ + 2x2/2^ + 2xyz + 2xz + x + yz^ + 2yz + y + 2z- 

- + —2 

„3,3. 



2 

xyz 

„2,3. 



2 

xyz^ 
,,2^2 



xy^ z^ 
,2 



xj/ z + XI/ z + 3xy z + X1/Z + 3x2/z + x + y z + yz- 
2 , 3 I 1 

xy;? xy'^z^ x'^y'^z^ 



: X xy xy 
. 1 + 1 + 

y yz X ' 



: + : 



:+x- 



. 2x . 
yz 



■^+y2 + y+z- 



^+f+$ + ySs+S'^'+22/-+3' + 2^+f + ^ + ^ + yS^ + ¥ + i + ^ 



xj/ + 2xy + X - 



x+1 + ^+yz + y + z + 



y^z + 2yz + 2y + z 
2 



_2_ 

yz 



yz ' ' y 



2x 
yz 



-y + z+- + — 
" y yz 



yz I y 

X X 

I 2yz 



a^y xy'^ xy^ z 
xz xy 



+ 



Hypersurface in product 



Hypersurface in product 

Quantum Lefschetz 

Quantum Lefschetz 
Quantum Lefschetz 

Quantum Lefschetz 

Quantum Lefschetz with weaJc Fano ambient 
Quantum Lefechetz 
Quantum Lefschetz 
Quantum Lefschetz 
Quantum Lefschetz 



n/a 



n/a 



n/a 

161 

158 
149 

148 

144 
139 
145 
120 
118 



O 
O 

H 

«! 
O 

O 

I— I 

o 
> 



> 
a 

> 

N 
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Table 1: Mirror Laurent polynomials for 3-dimensional Fano manifolds - continued from previous page 



Name Degree 



Laurent polynomial 



Method 



Minkowski ID 



2-13 


20 






Quantum Lefschetz 


119 


2-14 


20 


0:2/2 + 2x2/ + X + 22/ + 2 + 1 + i + ^ + 4 


xyz xy xy z 


Hypersurface in product 


122 


2-15 


22 


^+f + §+2^ + f + 2 + i + | + ^ + i + 


z 


Quantum Lefschetz 


109 


2-16 


22 


X2/ + 2: + 2/ + ^+ - + - + - + — + - + - + 

i y y y i j, 


1 


Quantum Lefschetz 


104 


2-17 


24 


— + ^+ 2:+ — + — + 2/ + 2+^ + i + 

y ^ y z ^ y ^ J,a, 


z 


Abelian/ non-Abelian correspondence 


101 


2-18 


24 


a;+3^ + ^+?/2 + 2/ + 2;+i + E+ 2_,_j_ 

z yz a a y X X xy 




Quantum Lefschetz 


74 


9 1 Q 


ZD 


^^^^^2a:| , | 1 1 2yz , y , z 
— -h J, -h — -\- y -\- z -\- — -h _j_ _ — _ 

yz yz ^ j/2 X X x-^ 




Quantum Lefschetz 


00 


2—20 


9(^ 
ZU 


^J_^J_'j(J_^J_-rJ_-'-J_-'-J_^_U-^_l- -'- 

Ji,-\- — -\-(J-\- — -\-Z^ ^ ^ — ^ 

' y ' ' z ' z ' y X X xz 




Abelian/ non-Abelian correspondence 


1 


2—21 


28 


iXi2io 1 1 |2|1 

x+-+y^z + 2yz + y + z+- + — 




A belian / non- A belian correspondence 


84 


2-22 


30 


xy + x+f+y + z+^ + ^ + ^ + :^ 

z z y X xy 




Abelian/non- Abelian correspondence 


69 


4* — AO 


ou 


X y + Axy + x + y + z-i- + ^^j^a^ 






f 


2-24 


30 


£2 + a; + 2; + 2/ + 2 + ^ + i + S + i 




Quantum Lefschetz 


44 


2-25 


32 


1X1 1 1 1 1 1 1 yz 1 1 
' Z^ ' ^ ' ' y yz X X 




Quantum Lefschetz 


43 


2-26 


34 


X2/ + a: + 2/ + 2+ - + - + - + — 




Abelian / non-Abelian correspondence 


58 


2-27 


38 


2 ^ yz X xy 




Quantum Lefschetz 


19 


2-28 


40 


xyz'^ + a;v-2 + x + y-\-z-\- — -\- — 




Quantum Lefschetz 


5 


2-29 


40 


x+%+y + z+l + ^^ 




Quantum Lefschetz 


35 


2-30 


46 


xyz + x + y + z+^ + ^ 




Quantum Lefschetz 


4 


2-31 


46 


^ + 1 + 2/ + ^+^ + ^ 




Quantum Lefschetz 


15 


2-32 


48 


a; + 2/ + z+- + - + — 

y X xyz 




Quantum Lefschetz 


24 


2-33 


54 


x+ ^ + y + z+ ^ 

' z ' ^ xy 




Ibric variety 


2 


2-34 


54 


x + y-\- z+ ^ + ^ 

^ y2 X 




Toric variety 


10 


2-35 


56 


^+^+?/ + 2+i 




Toric variety 


7 


2-36 


62 


^+x + y + z+^ 




Toric variety 


6 














3-1 


12 


xy^ + 2xyz + 2xy + xz^ + 2x2 + x + 2y + ^ 

A + ^ + A + ^ + _L^ 

XZ xz'^ xy xyz xy^ 


+ 2z+^ + ^ + ^H 

• z ' y ' y ' 


h ^ + Quantum Lefschetz with weaJc Fano ambient 


154 



D 
> 

c: 
g 

>D 
H 

I— I 

o 
a 

cc 

•fl 

O 

o 

g 
> 

I— I 

o 
f 
a 
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Table 1: Mirror Laurent polynomials for 3-dimensional Fano manifolds - continued from previous page 



Name 


Degree 


Laurent polynomial 








Method 


Minkowski ID 


3-2 


14 


xvz'^ +XVZ + 3XZ + X+ — + +3VZ + V + Z+ - + 




3S , 1 , 


1 — ^— Quantum Lefschetz 


with mirror map 


157 


3-3 


18 








Quantum Lefschetz 




135 


3-4 


18 


xyz + X + vz^ + 2yz + u + 2^: + - + - + — + i 


r + ^ 


+ i + ±. 

X xz 


Quantum Lefschetz 


with weak Fano ambient 


142 




xyz -\- xz^ -\- 2xz + X + y + 2z + ^ + ^ + ^ + ^ - 

tf > 1 > if > ' z ' y yz X 


f ^ 
asz 


+ 


Quantum Lefschetz 


with mirror map 


138 


3-6 


22 


^ + — + -+ t; + z+- + - + - + 


V 




Quantum Lctsclictz 




117 


3-7 


24 








Quantum Lefschetz 




103 


3-8 


24 


X -\ hVH r Z -\ 

z y ^ z z y X X xy 






Quantum Lefschetz 




1 1 O 


3-9 


26 


§^+^+|f+^ + ^+^ + l + f + ^ 






Quantum Lefschetz 




22 


3-10 


26 


r X -\ \- y -\- z -\ 

2 y y X X xy 






Quantum Lefschetz 




on 

yy 


3-11 


28 


+ — + y + z+- + '^ + - + — 

2 yz y X X xy 






Quantum Lefschetz 




72 


3-12 


28 


xz + x + y+-+z+- + - + - + — + - 






Quantum Lefschetz 




OO 


3-13 


30 








Quantum Lefschetz 




70 


3-14 


32 


yz yz ^ XXX 






Quantum Lefschetz 


with weaJc Fano ambient 


21 


3-15 


32 








Quantui^^g^ 




67 


3-16 


34 


T/ ^ 2 y XZ x 






Quantum Lefschetz 


with weak Fano ambient 


42 


3-17 


36 


' y ' 2 ' ' y ',T2 ' X ' aiy 






Quantum Lefschetz 




39 


3-18 


36 


y a; :r 3^2 






Quantum Lefschetz 




41 


3-19 


38 


a:2: + a? + v + ^+ — + - + — 

^ y2 x xyz 






Quantum Lefschetz 




18 


3-20 


38 








Quantum Lefschetz 




38 


3-21 


38 


a: + 2/z + j/ + «+ - + - + ^ + - 






Quantum Lefschetz 




4y 


3-22 


40 


T"*- _L'y_L J-.K_L.-yJ_ ^ 1 1 






Quantum Lefschetz 




1 


3-23 


42 


a;z + x+ 1 +^ + 2+ + 






Quantum Lefechetz 




17 


3-24 


42 


^ y X X xyz 






Quantum Lefschetz 




31 


3-25 


44 


2 ^ X ' xy 






Toric variety 




16 


3-26 


46 








Toric variety 




12 


3-27 


48 








Toric variety 




45 
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Table 1: Mirror Laurent polynomials for 3-dimensional Fano manifolds - continued from previous page 



Name 


Degree 


Laurent polynomial 


Method 


Minkowski ID 


3-28 


48 


x+ ^ +y + z+ - + - 


Toric variety 


28 








Toric variety 


8 


3-30 


50 


a; + f + ?/ + f + ^ + i 


Toric variety 


11 


3-31 


52 




Toric variety 


14 










4-1 


24 


x^z + 2xz + .-r + v + z+ - + — + - + — + — 
ij xz X xz ^ xyz 


Quantum Lcfschetz 


111 


4-2 


26 


x+!^ + !^+y + z+^+'^ + l!- + ^ + ^ 

' z ^ y ' ' ' z y X X ' xy 


Quantum Lcfschetz with mirror map 


110 


4-3 


28 


y^z ' y ' ^ ' ' X ' X ' x-^ 


Quantum Lcfschetz 


88 


4—4 


30 


X -\- y -\- z ^ h-H — 

^ z y y yz x x 


Quantum Lcfschetz 


83 


4-5 


32 


T 17/91 

2 y X X xy 


Quantum Lcfschetz 


68 


4-6 


32 


^ z ^ z y y X X 


Quantum Letschetz with weaJc tano ambient 


81 


A '7 

4—7 


34 


2;+- + 2/ + 2+- + - + - + — 


Quantum Lefschetz 


65 


4-8 


36 


a; + 2/ + z + i + f + i + ^ + ^ 


Quantum Lefschetz 


57 


4-9 


38 


xy + x + y + z+l + l + ^^ 


Quantum Lefschetz 


54 


4-10 


40 




Toric variety 


37 


4-11 


42 


xy + x + y + z+l+'^ + l 


Product 


48 


4-12 


44 


xy + x+^+y + z+^ + ^ 


Toric variety 


34 


4—13 


46 


xy -U ^ -\- X V Z — -\- — 
y ' z ■^ y x 


Toric variety 


29 


5-1 


28 


\ X \ X \ 1 i2i^/r2i 1 

z y y X X ' xy 


Quantum Letschetz with weak tano ambient 


100 


5-2 


36 


z y y X X 


Toric variety 


64 


5-3 


36 


' ^ ' z ' ' z ' y y X 


Product 


76 


6-1 


30 


x+^+y+z+^+^+^+^+^ 

y 2 y X X xy 


Product 


107 












7-1 


24 


x + j/22+22/2 + 2/ + 2z+f + 1 + ^ + ^ + 1 


Product 


136 


8-1 


18 


x + +32/^2 + 32/^ + 2^ + 3^+ 1 + A + + _^ + 1 


Product 


155 


9-1 


12 


xz^ + 4a;23 + Gajz^ + 4xz + x + y + Az'^ + 12z + ^ + ^ + ^ + ^ - 
4 , 4 , 1 


h + Product 


n/a 



£> 
ci 
> 

H 

Ci 

g 
H 

I— I 

O 

a 

w 

•fl 

O 
^ 

o 
> 

I— I 

o 
f 
a 
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Table 1: Mirror Laurent polynomials for 3-dimensional Fano manifolds - continued from previous page 



Name Degree 


Laurent polynomial 


Method 


Minkowski ID 





10-1 6 x-/' + &XZ-' + 15x-A + 20x2-^ + Ibxz'^ + 6xz + x + y + 6z-^ + 30^^ + 6O2 + Product n/a 

30 I 6 I 1 I 15 I 60 I 90 , 60 , 15 , 20 , 60 _,_ 60 _,_ 20 , 



QUANTUM PERIODS FOR FANO MANIFOLDS 



101 
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